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Abstract 

We study the optimal oil extraction strategy and the value of an oil field using a multiple real 
option approach. The numerical method is flexible enough to solve a model with several state 
variables, to discuss the effect of risk aversion, and to take into account uncertainty in the size 
of reserves. Optimal extraction in the baseline model is found to be volatile. If the oil producer 
is risk averse, production is more stable, but spare capacity is much higher than what is 
typically observed. We show that decisions are very sensitive to expectations on the 
equilibrium oil price using a mean reverting model of the oil price where the equilibrium price 
is also a random variable. Oil production was cut during the 2008–2009 crisis, and we find 
that the cut in production was larger for OPEC, for countries facing a lower discount rate, as 
predicted by the model, and for countries whose governments’ finances are less dependent on 
oil revenues. However, the net present value of a country’s oil reserves would be increased 
significantly (by 100 percent, in the most extreme case) if production was cut completely 
when prices fall below the country's threshold price. If several producers were to adopt such 
strategies, world oil prices would be higher but more stable. 
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I. INTRODUCTION

In this paper we investigate the optimal oil extraction strategy of a small oil producer facing
uncertain oil prices. We use a multiple real option approach. Extracting a barrel of oil is
similar to exercising a call option, i.e. oil production can be modeled as the right to produce a
barrel of oil with the payoff of the strategy depending on uncertain oil prices. Production is
optimal if the payoff of extracting oil exceeds the value of leaving oil under the ground for
later extraction (the continuation value). For an oil producer, the optimal extraction path
corresponds to the optimal strategy of an investor holding a multiple real option with finite
number of exercises (finite reserves of oil). At any single point in time, the oil producer is
also limited in the number of options he can exercise, because of capacity constraints.

Our first contribution is to present the solution to the stochastic optimization problem as an
exercise rule for a multiple real option and to solve the problem numerically using the Monte
Carlo methods developed by Longstaff and Schwartz (2001), Rogers (2002), and extended by
Aleksandrov and Hambly (2010), Bender (2011), and Gyurkó, Hambly and Witte (2011).
The Monte Carlo regression method is flexible and it remains accurate even for
high-dimensionality problems, i.e. when there are several state variables, for instance when
the oil price process is driven by two state variables, when extraction costs are stochastic, or
when the size of reserves is a random variable.

We solve the real option problem for a small producer (with reserves of 12 billion barels) and
for a large producer (with reserves of 100 bilion barrels) and compute the threshold below
which it is optimal to defer production. In our baseline model, we find that the small
producer should only produce when prices are high (higher than US$73 per barrel at 2000
constant prices), whereas for the large producer, full production is optimal as soon as prices
exceed US$39. Optimal production is found to be volatile given the stochastic process of oil
prices. As a result, we show that the net present value of oil reserves would be substantially
higher if countries were willing to vary production when oil prices change. This result has
important implications for oil production policy and for the design of macroeconomic
policies that depend on inter-temporal and inter-generational equity considerations. It also
implies that the world supply curve would be very elastic to prices if all countries were
optimizing production as in the baseline model — and as a result, prices would tend to be
higher but much less volatile.

We investigate why observed production is not as volatile as what is predicted by the baseline
calibration of the model. One possible explanation is that producers are risk averse. Under
this assumption, production is accelerated and is more stable, but a risk averse producer
should also maintain large spare capacity, a result at odds with the evidence that oil producers
almost always produce at full capacity. A second potential explanation is that producers are
uncertain about the actual size of their oil reserves. Using panel data on recoverable reserves,
we show however that, historically, this uncertainty has been diminishing with time and
therefore this explanation is incomplete, since even mature oil exporters maintain low spare
capacity. A third explanation may be that the oil price process, and in particular the
equilibrium oil price, is unknown to the decision makers. Indeed, the optimal reaction to an



5

increase in oil prices depends on whether the price increase is perceived to be temporary or to
reflect a permanent shift in prices. If shocks are known to be primarily temporary, production
should increase in the face of oil price increases. But if shocks are thought to be
accompanied by movements in the equilibrium price, the continuation value jumps at the
same time as the immediate payoff from extracting oil. In that case an increase in price may
not result in an increase in production. Faced with uncertain views on the optimal strategy,
the safe decision might well be to remain prudent with changes in production.

In practice, world oil production is partially cut in the face of negative demand shocks. The
last section of the paper investigates whether the reduction in oil production during the
2008–2009 crisis can be explained by the determinants predicted by the model. We find that
the cut in production was larger for OPEC, for countries facing a lower discount rate, as
predicted by the model, and for countries with government finances less dependent on oil
revenues.

Section 2 provides a survey of the related literature on optimal production and real options,
while Sections 3, 4 and 5 cover the model formulation and calibration. Section 6 describes
briefly the oil sector in the two countries used as applications. Sections 7 presents the basic
set of results and Section 8 discusses some limitations of the model. Section 9 investigates
the determinants of production strategies during the 2008–2009 crisis and Section 10
concludes on the price-elasticity of the world supply of oil.

II. RELATED LITERATURE

A. Optimal Oil Production

The study of the economy of non-renewable resource extraction started with Hotelling
(1931), who showed in a deterministic general equilibrium model that the price of the
resource would grow at the rate of interest in competitive markets with constant extraction
costs. General equilibrium models later included the effect of uncertainty in technology, the
size of the resources, or the availability of substitutes. Partial equilibrium models in which
the prices are given, but the decision to extract is a function of the stochastic price process,
have a shorter history in the non-renewable resource literature, starting with Tourinho
(1979a). Tourinho (1979a, 1979b) analyzed for the first time the valuation of resources in the
context of a real ‘call’ option to exploit a field, using the Black and Scholes framework.

Paddock, Siegel and Smith (1988) later developed a model that became a popular approach
for decisions on upstream oil investments, in which a company has the option to explore an
area and in case oil is discovered, to commit to an immediate development investment before
a given date (the time to expiration). If the firm does not exercise the option to develop the
field until this date, the firm must return the concession rights back to a national authority.2

2Real option models are surveyed in Dixit and Pindyck (1994) and, for applications to oil investments, in Dias
(2004).
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The model took into consideration resource depletion when estimating the value of the oil
field. However, the issue of when to extract the resource after the field is developed is
completely absent since the only decision to take is the optimal timing to develop the field.

Cherian et al. (1998) studied optimal production of a nonrenewable resource as a control
problem in continuous time. The authors solved the Bellman nonlinear partial differential
equation (PDE) numerically using the Markov chain approximation technique of Kushner
(1977) and Kushner and Dupuis (1992). The cost of extraction in Cherian et al. (1998) is a
function of time, the extraction rate and the total extracted amount, a model that fits well
extraction costs for ore mining. However, a drawback of these numerical solutions to the
Bellman PDEs is that they are feasible only for problems with low dimensionality, and it is
therefore difficult to solve the problem with two-factor oil price processes, stochastic
extraction costs, or stochastic reserves.

Work close to ours in terms of modeling assumptions is Caldentey et al. (2006), who study
the optimal operation of a copper mining project when the copper spot price follows a mean
reverting stochastic process. The project is modeled as a collection of blocks (minimal
extraction units) each with its own mineral composition and extraction costs. The authors are
interested in maximizing the economic value of the project by controlling the sequence and
rate of extraction as well as investing on costly capacity expansions. Our model is more
general since we allow for multiple exercise (i.e. the company can choose to extract different
volumes every period) and because in our model the firm is able to scale down production.

We provide a multiple real option solution to the stochastic optimization problem. Production
capacity is exogenous but it is a function of time. We also assume there is a minimum
extraction capacity that is non-zero. This assumption captures the fact that some minimal
extraction is often needed to finance the functioning of the firm, the transfers to the
government, or even the spending of the government in countries where oil proceeds are the
major source of government revenues.

B. Numerical Solutions for Real Options

The optimal extraction problem faced by an oil producer is similar to many other stochastic
optimization problems described in macroeconomics (e.g. investment under uncertainty, see
for instance Sakar, 2000), in finance (e.g. the choice of bank capital given uncertain cash
flows, see Milne and Whalley, 2001, and Peura and Keppo, 2006) and in the natural resources
literature (e.g. the optimal exploitation of forest, see Alvarez and Koskela, 2006). Closed
formulae for the price of early exercise options have not been derived yet, even for the
simplest cases. In particular, there is no analytical method for solving multiple real option
problems. The difficulty in any option model is to compute the continuation value (the
expected value of delaying the extraction of a barrel). Following the analysis of Arrow,
Blackwell and Girshick (1949), the problem was recognized and discussed as an abstract
optimal stopping problem by Snell (1952), and the first application of the optimal stopping
problem to finance appeared in Bensoussan (1984).
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The literature has however suggested various analytical approximations and numerical
methods. For most option pricing problems, three numerical methods are available: lattices,
finite difference, and Monte Carlo methods.3 The first two approaches work best for simple
options on a single underlying (a single state variable). When there are more state variables
and the dimension of the problem increases, however, the Monte Carlo approach is preferred
as the performance of the lattice and finite difference schemes is poor (the computational
effort with these two methods grows exponentially with the number of state variables).

The first attempt to apply Monte Carlo techniques to American option pricing is due to Tilley
(1993), while Broadie and Glasserman (1997) developed the first algorithm in which the
suggested lower and upper bound estimates are proved to converge to the true value. Their
approach can also deal with high-dimensional American options, but the computational effort
still grows exponentially with the number of possible exercise dates. There has been a
renewal of interest in the recent years for these methods (Jaillet, Ronn and Tompaidis, 2004;
Meinshausen and Hambly, 2004; Carmona and Touzi, 2008). The solution we use was
developed in Aleksandrov and Hambly (2010), Bender (2011) and Gyurkó, Hambly and
Witte (2011) as an extension to the Monte Carlo method proposed by Longstaff and Schwartz
(2002) and Tsitsiklis and van Roy (2001).

The method relies on approximating the value function by linear regression on a suitable
space of basis functions (see section 3 for more details). The fitted value from the regression
gives an estimate for the continuation value. By construction this optimal stopping policy
gives a lower bound for the option price — only the exact decision rule would give the
maximum value and an approximation can only give a lower estimate. The method is
comparatively easy to implement and for properly chosen regression functions gives a good
estimate of the value function, even with models with several states variables (see
Glasserman, 2003).

III. MODEL FORMULATION AND NUMERICAL SOLUTION

A. Model Formulation

We present here the stochastic optimization problem. We consider an economy in discrete
time defined up to a finite time horizon of T years at which we assume reserves will be
depleted.4 The maximum yearly capacity for extraction (the production capacity) is assumed
to be exogenous, although in practice it would be a function of past investments. Production
capacity is noted kt (in billion barrels per year), t = 1, 2, ..., T .5 The optimal extraction

3A new method based on generalized linear complementarity problems (GLCPs) has recently been proposed by
Nagae and Akamatsu (2008).

4In several of our applications, we assume that countries extract every year a minimum amount of barrels, in
which case extraction occurs indeed over a finite horizon.

5kt must be a multiple of the discretization unit that we use and that represents one real option to extract oil.
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strategy maximizes the discounted utility of the cash flow from oil sales V ∗,m,kt at time t,
subject to the capacity constraints k = {k0, k1, k2, ..., kT} and to the total oil reserves
constraint m. If the oil producer decides to extract one barrel of oil at time t, the profit is St,
where St is the price of oil (net of the extraction cost ct). Profits are always positive when the
producer decides to extract oil since she is not forced to produce making losses. We abstract
from the costs of shutting down an oil production unit.

We assume that oil prices follow a discrete Markov chain process (St)t=0,1,...,T ∈ Rd (we
come back to the discussion on oil prices in section IV). We define an extraction policy πk to
be a set of ‘stopping’ times (i.e. times at which the real options are exercised) {τi}mi=1,
τ1 ≤ τ2 ≤ · · · ≤ τm, such that the number of exercises (i.e. annual production) is lower than
production capacity each year: #{j : τj = s} ≤ ks.

The instantaneous utility of extracting ht units of oil on top of the minimum level l of annual
extraction at time t is denoted by u((ht + l)St) where u(x) = x1−γ−1

1−γ is the Constant Relative
Risk Aversion utility function defined over R+, and γ ≥ 0, γ 6= 1 is the coefficient of risk
aversion.6 1/Bt is the discount factor, i.e. if the rate of impatience is equal to a constant
risk-free rate r, Bt = ert. Then, the optimal consumption problem can be formulated as
follows.

Definition 1.

V ∗,m,kt = sup
πk

V πk,m
t = sup

πk

Et

[
m∑
i=1

u((hτi + l)Sτi)

B(t, τi)

]
.

The corresponding optimal policy is π∗ = {τ ∗1 , τ ∗2 , ..., τ ∗m}.

B. Numerical Solution

We estimate the optimal extraction strategy using Monte-Carlo techniques. In particular, our
numerical approach is based on the dynamic programming formulation:

V ∗,n,kt (s) = sup
0≤h≤min{kt,n}

{
u((h+ l)s) + 1

Bt,t+1
E
[
V ∗,n−h,kt+1 (St+1)

∣∣∣St = s
]}

(1)

for t = 0, . . . , T − 1 and V ∗,n,kT (s) = u(min{kT , n}s).
The conditional expectation in (1), is approximated using least squares regression techniques.
In the case where the level of reserves is assumed to change due to extraction only, we use
the approximation:

∀n, E
[
V ∗,n,kt+1 (St+1)

∣∣∣St = s
]
≈

k∑
i=1

βnt,iψi(s) (2)

where the ψi are the basis functions that we use to approximate the value function. In all the
specifications, we use local functions (i.e. functions defined over intervals or boxes, in the

6When γ = 1, the utility function is defined as u(x) = log(x).



9

higher dimensional cases). In the baseline model, the basis functions are polynomials of the
oil price and its logarithm, and when risk aversion is positive, different powers of the utility
function were included as well.

The least squares regression approach implies that the vector of regression coefficients
βnt = (βnt,1, . . . , β

n
t,k)

T satisfies the linear equation

E
[
(φ1(St), . . . , φk(St))

T (φ1(St), . . . , φk(St))
]
βnt

= E
[
(φ1(St), . . . , φk(St))

T V ∗,n,kt+1 (St+1)
]
. (3)

In the case where the level of reserves follows a stochastic process, the dynamic
programming formulation has to be refined for two reasons. First, the level of reserves might
drop below the minimum extraction level l before the end of the time horizon. Second, we
have to take into account the autoregressive nature of the reserves process (see equation (9) in
Section 5). These considerations lead to the following formulation:

V ∗kt (st, rt, rt−1) = sup
min{rt,l}≤h≤min{l+kt,rt}

{
u((h+ l)s)

+ 1
Bt,t+1

E
[
V ∗,kt+1(St+1, Rt+1, Rt)

∣∣∣St = st, Rt = rt − h,Rt−1 = rt−1

]}
.

(4)

In this case, we approximate the continuation value by the following multivariate regression:

E
[
V ∗,kt+1(St+1, Rt+1, Rt)

∣∣∣St = s, Rt = r, Rt−1 = r̂
]
≈

k∑
i=1

βnt,iψi(s, r, r̂). (5)

The set of basis functions included polynomials of the oil price, the log oil price and the
reserve level and its lag. The vector of regression coefficients βnt = (βnt,1, . . . , β

n
t,k)

T satisfies
the linear equation

E
[
(φ1(St, Rt, Rt−1), . . . , φk(St, Rt, Rt−1))

T (φ1(St, Rt, Rt−1), . . . , φk(St, Rt, Rt−1))
]
βnt

= E
[
(φ1(St, Rt, Rt−1), . . . , φk(St, Rt, Rt−1))

T V ∗,n,kt+1 (St+1, Rt+1, Rt)
]
. (6)

The regression coefficients in (2) (respectively in (5)) are estimated by replacing the
expectations in (3) (and in (6)) by their Monte-Carlo estimates based on random grids and
backward recursion. This method is referred to as a priori and described in detail in Gyurkó,
Hambly and Witte (2011).

The numerical solution can be affected by three types of errors: (i) discretization errors that
come from the transformation of a continuous time process into a discrete one (this can be
reduced simply by reducing the length of the period); (ii) the projection error due to the fact
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that the conditional expectations are approximated by linear combinations of basis functions
(this error can be reduced by increasing the number of basis functions); (iii) finally, the
statistical error arising when we estimate the regression coefficients using Monte-Carlo
techniques (this can be controlled by choosing a sufficiently large Monte-Carlo sample).7

IV. OIL PRICE AND EXTRACTION COST MODELS

The multiple real option approach is flexible enough to allow numerical solutions even when
the dimensionality of the problem (the number of state variables) increases. This allows us to
use complex oil price processes and to take into account stochastic extraction costs. The first
oil price model used is the mean-reverting process, but we also simulate the two-factor oil
price model of Schwartz and Smith (2000). In addition, a process for stochastic extraction
costs is added to the model.

A mean reverting price process

The mean-reverting (one factor) model has been the model of choice in the literature, as in
Schwartz (1997). The logarithm of the oil price satisfies the stochastic differential equation

dXt = κ(α−Xt)dt+ σdWt,

The process is estimated using annual ‘real’ oil prices for the period 1957 – 2008 (see Table
1) as the discretized process8 Xt −Xt−1 = a+ bXt−1 + σZ where Z is a standard normal
random variable independent of Xt−1. The estimated long-term mean of the oil price is
US$49 (at constant prices), and the half-life of oil price shocks is 14 years.

Table 1. Parameters of the Oil price Process (OLS on Yearly Data for the Period 1957
– 2008)

Price process a b σ
Parameter 0.183 -0.047 0.26
Standard error (0.180) (0.057)

7In an earlier version of the paper (Aleksandrov and Espinoza, 2011), we used the lower bound of the value
function provided by the Monte-Carlo Least Squares method as well as the upper bound of the value function
provided by the dual method of Aleksandrov and Hambly (2010) to construct a confidence interval for the value
function when risk aversion is set to 0. We compared the upper and lower bound approaches for our baseline
model and found that the relative difference between the upper and the lower bound does not exceed 3 percent,
which confirms the accuracy of the numerical approximations used.

8The oil price is deflated by the US CPI, with index 100 in 2000. The standard errors in Table 1 are the OLS
standard errors, which are valid if the series is stationary. However, the augmented Dickey-Fuller test and the
Phillips-Perron test were not able to reject the null hypothesis of non-stationarity.
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Table 2. Parameters of the Schwartz-Smith (2000) Price Process Estimated on Futures
Data

Parameters κ σχ µξ∗ σξ ρξχ
Estimate 1.49 0.286 0.0115 0.145 0.3
Standard error (0.03) (0.01) (0.0013) (0.05) (0.044)

Table 3. Annualized Parameters of the Extraction Cost Process (OLS on Quarterly
Data for the Period 1999–Q1 to 2009–Q1)

Cost process c σc
Parameter 0.08 0.39
Standard error (0.06)

A model with stochastic equilibrium price

The mean reversion model assumes that the long-term mean (or the equilibrium level) of the
oil price is known. Schwartz and Smith (2000) proposed a two-factor model for the oil price
that captures uncertainty in the equilibrium oil price. More precisely, the logarithm of the
price Xt has two components: short-term deviations Yt, which follow a mean-reverting
process (with mean 0), and the equilibrium level Mt, which is assumed to follow a Brownian
motion.


Xt = Yt +Mt

dYt = −κYtdt+ σχdWt

dMt = µξ∗dt+ σξdW̃t

(7)

In addition, the shocks in the short term are correlated with the shocks to the equilibrium
price, i.e. corr(Wt, W̃t) = ρξχ. The model is implemented using the following
discretization.9

{
Yt = Yt−1(1− κ∆t) + σχ

√
∆tZ

Mt = Mt−1 + µξ∗∆t+ σξ
√

∆t(ρξχZ +
√

1− ρ2ξχZ̃)
(8)

where Z and Z̃ are independent and normally distributed, and ∆t is set to 1. The parameters
we use are those estimated by Schwartz and Smith (2000) and presented in Table 2. The
half-life of short-term shocks is less than a year but the equilibrium price is also variable, with
a volatility of 14.5 percent. In order to account for the two factor model in the Least Squares
Monte-Carlo algorithm, the two state variables are added to the set of basis functions ψ.

9The two factors are not observable, but Schwartz and Smith (2000) estimate them using spot and future prices
over the period 1990-1996.
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Oil prices correlated with extraction costs

Extraction costs can reach high levels. For instance, the cost of extraction for Petróleo
Brasileiro S.A. (Petrobras) exceeded US$30 per barrel in 2008. These costs can be added to
the model assuming they follow a geometric Brownian motion:

logCt = logCt−1 + c+ σc(ρZ +
√

1− ρ2Ẑ),

where Ẑ is a standard normal random variable independent of Z, and ρ is the correlation
between oil prices and extraction costs. The correlation between oil prices and the extraction
costs faced by Petrobras has been low because the government contributed to the cost, but
when taking into account this cost to the government, the correlation between quarterly
percentage changes is high; it exceeded 70 percent over the period 1999–2009. We first
estimate a discretized model log(Ct)− log(Ct−1) = c+ σcẐ, with parameter estimates
shown in Table 3 and then investigate how positive correlations affect the optimal strategy.
Again, the new state variable is added to the set of basis functions in the Least Square
Monte-Carlo algorithm.

V. LEARNING THE SIZE OF OIL RESERVES

Farzin (2001) argued that proven oil reserves are the output of a production process and
depend on the payoff (the oil price), past extraction (to capture depletion) and a level of
technology. In particular, he estimated on U.S. data that a 10 percent increase in oil prices
triggers discoveries of 1 percent of additional reserves. Lund (2000) modeled a Bayesian
learning process in the amount of oil reserves. The prior distribution on oil reserves is
updated by information on the amount of oil extracted and the pressure of the well. In Lund
(2000), when pressure declines, it indicates that the remaining volume of oil is near
depletion. If the pressure is constant, it indicates that the reserves are at least higher than
production and therefore the range of uncertainty in reserves declines with extraction.

We model reserves taking into account these findings. We estimate a model where increases
in reserves depend on the oil price, past extraction, time (which captures technological
innovations), and where the conditional variance of reserves is also a function of time. This
later component proxies for learning in the size of reserves in the spirit of Lund (2000). Lund
(2000)’s formulation for reserves is appropriate to model reserves of a specific field, but not
for a country as the model would not be able to capture potential discoveries in reserves due
to higher oil prices or better technology. A cursory look at the EIA data however confirms
that uncertainty in reserves has been declining with time. Figure 1 shows that for the median
oil producer, the standard deviation of annual changes in proven reserves has decreased by
about 50 percent in 19 years. This discussion suggests the following model for reserves:

∆ log(Rt) = a0 + a1time+ a2 log(Pt−1) + a3∆ log(Rt−1) + a4CUMt−1 + εt (9)
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where the conditional variance of the normally-distributed εt (given available information) is
a function of time:10

εt ∼ N(0, σ2
t ) (10)

σ2
t = exp(b0 + b1 time) (11)

The model is estimated on the proven reserves of crude oil from the EIA, for the panel of 98
countries for which reserves data was available, over the period 1980–2009. After removing
extreme changes in reserves that would not be realistic for relatively mature oil producers
(higher than 50 percent and lower than 50 percent), the data still shows excess kurtosis of 6.5.
This suggests that the model described by equation 9, with normally distributed errors, may
be improved by choosing a different specification for εt. We therefore estimated the model 9
by quasi-maximum likelihood (Bollerslev and Wooldridge, 1992) assuming that εt is
distributed as a Student’s t distribution, with degrees of freedom v =3, v = 5 (our preferred
specification as it implies an excess kurtosis of 6 for εt), and v = 10 (closer to normal
distribution).

The results are shown in Table 4. Columns 1 to 3 show the most general model for different
degrees of freedom of the Student’s t distribution. The coefficients for the variables that
significant are robust, and we decide to stick to a model with v = 5. We use a
General-To-Specific approach and drop the least significant variables (columns 4 to 6).
Reserves depletion (CUM )11 and oil prices were not found to be significant. However, the
past change in oil reserves was significant and the time trend in the variance equation was
highly significant, for all our specifications. Column 7 shows that there are large differences
in the variance equation for countries with reserves larger than 5 billion barrels. We therefore
estimate a separate model for these countries, shown in column 8, and use these estimates to
calibrate our model of reserves. The coefficient of the time trend in the variance equation
implies that every year the conditional variance in the volume of proven reserves is reduced
by around 4.5 percent. This corresponds to a 50 percent decline of the standard deviation in
15 years - in line with what can be deduced by a reading of Figure 1.

VI. APPLICATION

We apply the model to two countries, one with small reserves and one with large reserves.
We assume in all calculations that the extraction decisions are made on a yearly basis. The
smallest unit that is used to change production is 0.2 billion barrels per year, equivalent to
0.55 million barrels per day. We also make the assumption that each country extracts at least
0.5 billion barrels per year to finance operations and ensure a minimum of revenues. For the
country with small reserves, the time horizon chosen is 16 years in the model with known

10time is a linear trend that takes the value 0 in 1980 and 32 in 2012, which is the first year of the simulations
presented in section VI.

11Farzin (2001) uses both CUMt−1 and CUMt−2 but the two variables are almost identical in our sample so we
dropped CUMt−2.
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Table 4. Model for Proven Reserves (Standard errors in parentheses, *** p < 0.01, **
p < 0.05, * p < 0.1)

(1) (2) (3) (4)
Level Eq. v= 3 v= 5 v= 10 v= 5

∆ logRt−1 0.0142** 0.0239** 0.0226 0.0239**
(0.00622) (0.0118) (0.0192) (0.0118)

CUMt−1 -1.65e-05 -2.07e-05 -4.99e-05
(1.50e-05) (3.25e-05) (9.48e-05)

logPt−1 -0.000578 0.00262 0.00889 0.00265
(0.00177) (0.00371) (0.00622) (0.00371)

logPt−2 -1.03e-05 -0.00402 -0.0134** -0.00402
(0.00160) (0.00361) (0.00634) (0.00361)

time 0.000154 0.000100 -7.18e-05 9.65e-05
(0.000120) (0.000171) (0.000235) (0.000170)

Constant -0.00100 0.00272 0.0159 0.00263
(0.00246) (0.00598) (0.0110) (0.00597)

Variance Eq.

time -0.162*** -0.109*** -0.0745*** -0.109***
(0.0210) (0.0156) (0.0134) (0.0155)

Const. -3.494*** -4.000*** -4.128*** -4.000***
(0.256) (0.218) (0.197) (0.218)

time I[res>5]

Const. I[res>5]

Obs. 1,611 1,611 1,611 1,611

(5) (6) (7) (8)
Level Eq. v= 5 v= 5 v= 5 v= 5

(res> 5 bn b)

∆ logRt−1 0.0197* 0.0195* 0.0144 0.0473*
(0.0112) (0.0110) (0.0101) (0.0248)

CUMt−1

logPt−1 0.000356
(0.00186)

logPt−2

time 0.000121 0.000158
(0.000155) (0.000125)

Constant -0.00376 -0.00342
(0.00522) (0.00287)

Variance Eq.

time -0.113*** -0.114*** -0.147*** -0.0453**
(0.0143) (0.0142) (0.0207) (0.0204)

Const. -3.944*** -3.950*** -3.321*** -5.427***
(0.192) (0.190) (0.239) (0.351)

time I[res>5] -2.120***
(0.423)

Const. I[res>5] 0.103***
(0.0292)

Obs. 1,777 1,802 1,802 565

reserves, which leaves us with 25 units of 0.2 billion barrels per year (after the minimal
extraction rate of 0.5 billion barrels per year are subtracted). In the model with unknown
reserves, the horizon is extended to 25 years. For the country with large reserves, we consider
a time horizon of 100 years and 240 extractable units. We assume production capacity
increases for the next twenty years (see Table 5), and we assume capacity is constant after
2030. The calibration used for the numerical results is reported in the same table.

VII. RESULTS

The model parameters used to determine the optimal policy are assumptions of the model.
We discuss the changes in optimal policy when these parameters change. The baseline model
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Table 5. Oil production capacity
Extraction capacity 2010 2015 2020 2025 2030
In billion barrels per year 1.0 1.3 1.4 1.6 1.7
Calibration, in units (1 unit = 0.2 billion barrels) 5 6 7 8 8

is a model with risk aversion set to 0, mean reverting oil prices, no extraction costs, and
known reserves. We investigate the dependence of optimal policy on: (i) the expected
volatility of oil prices ; (ii) interest rates; (iii) the size of reserves; (iv) production capacity;
(v) risk aversion; (vi) extraction costs and (vii) uncertainty in the size of reserves.

Baseline. We show in the left hand side chart of Figure 2 the optimal extraction path for the
small producer for a hypothetical oil price simulated using the mean-reverting oil price
model described earlier. Extraction at the minimum level remains optimal for three years,
until the oil price exceeds US $70 in the fourth year of the simulation. A striking feature of
the optimal extraction strategy for both small and large producers, and that was found with
most simulations of the oil price under the baseline model, is that production is quite volatile
(although we did not impose a so-called ’bang-bang’ solution, as will be clearer when
looking at the impact of risk aversion). This result is at odds with the actual behavior of oil
producers, who most often extract at full capacity until oil fields are exhausted. We discuss in
the remainder of the paper whether different specifications of the model yield more realistic
results.

Sensitivity to the volatility of oil prices. We show in the top left chart of Figure 3 the
sensitivity of the solution to different assumptions on expected oil price volatility, for a given
realization of the oil price path. As was emphasized by the ‘waiting to invest’ literature, high
volatility makes it optimal to defer the exercise of options. During the first four years of the
simulation, as oil prices are low, it is only optimal to extract oil for a producer that would
believe that oil price volatility is low (σ = 0.13). A producer who thinks prices are stable
would always find it optimal to extract at full capacity and would quickly exhaust its oil field,
missing the opportunity to extract when prices are higher. On the other hand, a producer who
thinks volatility is 0.52 would delay extraction until it is forced to extract (when the contract
to exploit the field expires).

Sensitivity to the real interest rate. Dependence on the real interest rate is shown in the top
right chart of Figure 3. In these simulations, exercise occurs earlier at higher interest rates, a
result that differs from the one found for simple European call options. In the Black-Scholes
formula, using the risk neutral form of the stock price, the drift for the oil price is higher the
higher the interest rate, which implies that the underlying price goes above the strike with
larger (risk-neutral) probability when the interest rate is higher. As a result, the continuation
value is higher when the interest rate is higher. In our model, the interest rate only appears in
the discount factor and has no impact on the drift of the oil price, which is why the
continuation value can be lower with higher interest rates.

Sensitivity to the size of reserves. The threshold price at which production at full capacity is
optimal is of course a function of reserves. The right hand side chart of Figure 2 show that
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the country with large resources (‘large producer’) should extract at full capacity for fairly
low oil prices. The threshold price for the country with smaller reserves (‘small producer’)
was found to be US $73 (in 2000 terms, i.e. around US $95 of 2011).12 For the large
producer, the threshold would be US $39 (around US $50 of 2011). However, we found that
smaller differences in the amount of reserves (one to two billion barrels) do not change
significantly the shape of the optimal production strategy (see third chart in Figure 3).

Impact of increasing capacity. We compute the increase in net present value of the oil fields
(the value function when risk aversion is set to 0) that is obtained when increasing capacity,
for a given amount of total reserves. The increase in NPV is our estimate of the shadow price
of the yearly production capacity constraint. This number can be used to assess the
profitability of a project for which investment costs are known. We consider two countries
with oil reserves estimated at 5 and 10 billion barrels (25 and 50 units respectively).13 The
results are presented in Table 6. A capacity expansion of 200 million barrels per year in 2025
(1 additional unit in Year 15) improves the value of the oil reserves by US$ 2.1 billion, for a
country whose reserves are 5 billion barrels.14 The increase would reach US$ 6.27 billion for
a country that holds 10 billion barrels. Additional capacity has more value for countries with
larger reserves, a result that, if it already existed, was not echoed in the oil production
literature. The intuition is that the additional option provided by higher capacity has more
value if it is available for many years and if production capacity was a tighter constraint at
times of high prices. Our results therefore suggest that project evaluation needs to be
performed in the context of the overall oil strategy of the country, since the viability and
profitability (i.e. net present value) of projects cannot be assessed project-by-project.
However, the value of ‘optionality’ created by higher capacity is small compared with the
value of reserves that are normally made available when new wells or platforms are open. We
show in Table 7 the value of such a project if the additional reserves are worth 1 billion
barrels (5 units of 200 million barrels). The value of the project is now higher for the country
with lower reserves because the value of optionality is dwarfed by the value of additional oil
reserves, and an additional one billion barrels of oil reserves is worth more for a country that
has low reserves than for a country that has high reserves. Indeed, for a given finite horizon
and a given production capacity, a country with low reserves can ‘distribute’ the extraction of
newly-found reserves more optimally than a country that has high reserves.

Table 6. Added Value by Expanded Capacity.
Year (unit = 0.2 bn bbl/year) 1-5 5 -10 10-15 15- 25 units 50 units
Current capacity 3 4 5 5 US$ 325.9bn US$ 622.5bn
Increased capacity 3 4 5 6 US$ 328bn US$ 628.8bn
Added value US$ 2.1bn US$ 6.27bn

Risk Aversion. The fourth chart in Figure 3 shows how increasing risk aversion makes
earlier production optimal. In the first periods of the simulation, production at full capacity

12US CPI inflation between 2000 and 2011 was 30 percent.

13The oil price process parameters are as before. We start with oil price S = 54.6. The time horizon in 100
years.

14We assume that production capacity is maintained at the highest level after expansion, although production
capacity is usually declining with time because of depletion.
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Table 7. Added Value by Expanded Capacity and Increased Access to Reserves.
Year (unit = 0.2 bn bbl/year) 1-5 5 -10 10-15 15- 25/30 50/55
Current capacity 3 4 5 5 US$ 325.9bn US$ 622.5bn
Increased capacity 3 4 5 6 US$ 391.4bn US$ 685.2bn
Added value US$ 65.6bn US$ 62.7bn

becomes optimal with a small level of risk aversion because the utility costs of lowering
production when income is low are high. Production is accelerated when risk aversion is
increased, a result similar to that of Alvarez and Koskela (2006). However, as prices increase
in period 3, production is maintained at a lower but stable level, above minimum extraction,
when risk aversion is higher. This allows the country to preserve its reserves and thereby to
‘insure’ itself against future drops in the oil price. Although risk aversion might explain why
production is less volatile, risk-averse producers should maintain large spare capacity, a
result at odds with the evidence that only Saudi Arabia, of all producers, maintains sizable
spare capacity.

Extraction Costs. Extraction costs, even when highly correlated with oil prices, do not affect
significantly the optimal strategy because the net payoff of extracting a barrel of oil remains
volatile.

Uncertainty in the size of oil reserves. We compute the optimal extraction strategy for
different calibrations of the reserves process. As is done with the oil price, the path of
discovery of reserves is kept identical across simulations, but the decision rules have been
estimated assuming different processes for reserves. The differences across simulations can
therefore be interpreted as due to the formation of expectations by the oil producer. First, we
compare a simulation where reserves are known (but moving with time) with a simulation
where reserves are thought to follow the stochastic process described in equation 9, with
shocks to reserves parameterized with a constant variance of 5 percent. The bottom right
chart in Figure 3 shows that additional uncertainty in the size of reserves triggers earlier
extraction. The intuition behind this result is that since the life of the contract is finite, there
is an opportunity cost of delaying extraction if additional oil resources are found later.

Learning the size of oil reserves. Second, we show the optimal extraction policy for
different learning speeds (of the size of reserves). The first simulation assumes that the
variance of shocks to reserves is 5 percent in the first year and declines to reach 3.2 percent in
year 10 (‘slow learning’: the model for reserves was calibrated assuming b0 = −1.5 and
b1 = −0.046 in equation 11). The second simulation assumes that the variance of shocks to
reserves is also 5 percent in the first year but declines to 1.9 percent in year 10 (fast learning:
the model for reserves was calibrating assuming b0 = 0.23; b1 = −0.1). We show two sets of
simulations: one in which reserves are discovered (example (a); top left chart in Figure 4)
and one in which reserves are depleted faster than in the simulation with known reserves
(example (b); top right chart of Figure 4). The charts show that in the first period of the
model, fast learning tends to defer extraction, for the same reason that uncertainty tended to
accelerate extraction: the opportunity cost of delaying extraction if reserves are found later is
lower since the producer will learn quickly about the size of reserves. Production is also more
stable after some years because reserves uncertainty is reduced considerably in 10 years.
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VIII. LIMITATIONS OF THE MODEL

The previous section showed that the supply elasticity of the model is often much higher than
what can be inferred from the observed supply response to prices. Krichene (2005) indeed
argued that short-term supply is insensitive to price. There are several potential explanations
to this finding, and we discuss below the three that we think are most relevant before
investigating the determinants of oil production volatility empirically.

• There are technical limitations and fixed costs that reduce the benefits of varying
production. For instance, there is a minimum turn-down that is necessary to have the
plant on, to avoid rusting, losing staff, etc. Similarly, if extraction costs are a function
of oil production, the solution of the model will differ somewhat and optimal oil
production will be less volatile. However, these costs do not seem to have prevented
several oil producers (with varied types of plants) to cut dramatically production during
the recent crisis. According to the Joint-Oil Data Initiative (JODI) monthly database,
the peak-to-through cut in oil production during the last crisis reached or exceeded 30
percent in Azerbaijan, Brunei, Denmark, Malaysia, Norway and the UK.

• We have abstracted from re-investment costs to re-start production and from fixed
operational costs. Fixed operational costs do not affect the optimal strategy when the
horizon of exploitation is known, but they would matter if extending the life of a field
was possible, but costly for a variety of reasons. For instance, in countries such as
Brazil or Norway, contracts on the exploitation of a field expire after 25-30 years, but
contracts might be extended (at some economically significant cost) after negotiating
with the government.15

• The optimization model is not appropriate if a country’s discount rate is contingent on
oil production. This will be the case for oil producers whose budget and external
accounts are highly dependent on oil revenues. For such countries, cutting production
at the time prices are low will push those accounts in deficit and trigger borrowing at
increased rates, which governments and oil companies will be unwilling to do.
However, given the significant losses in NPV (130 percent in the extreme case, see
section X), strategies that lead to more volatile production should be considered,
especially for producers with larger reserves and for those who already accumulated
large financial reserves.

• Decisions are very sensitive to expectations of the equilibrium oil price, as can be seen
from the bottom left chart in Figure 4. When the decision rule is computed based on an
equilibrium oil price of US$30, production at full capacity is optimal for 8 years in a
row (given the realized price shown in the figure), even though the half-life is 14 years
(and therefore even though temporary shocks have a large effect of the continuation
value). Decision making becomes even more complex when oil prices follow a
mean-reverting model with stochastic equilibrium price (the Schwartz and Smith

15We are grateful to an anonymous referee for pointing this to us.
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(2000) model). The bottom right chart of Figure 4 shows a simulated path of an
observed oil price together with the underlying unobserved equilibrium price, where
the simulation parameters are those shown in Table 2. The series labeled ρξχ = 0.3
shows optimal extraction when the decision rules have been calculated using the Monte
Carlo simulations based on these same parameters. In that sense, this series shows the
optimal extraction when expectations are based on the ‘correct’ model of oil prices.
Roughly speaking, extraction is optimal when spot prices exceed equilibrium prices.
The series labeled ρξχ = 0.8 shows optimal extraction when the decision rules have
been calculated using the Schwartz-Smith model, but with the correlation between
short-term shock and equilibrium shocks set to 0.8. The series therefore shows the
optimal extraction when the decision maker expects observed short-term shocks to be
accompanied by shocks to the equilibrium price of oil. As a result, in the first 10 years
of the production horizon, production is increased slowly even as prices go up because
the continuation value increases when shocks are thought to be permanent (since there
is a value to wait). Faced with uncertainty on the right model of oil prices, the prudent
decision may be to maintain a relatively stable level of production.

IX. DETERMINANTS OF PRODUCTION POLICIES DURING 2008–2009 CRISIS

We finally investigate statistically the determinants of oil production volatility. It seems
difficult to base such an investigation on estimates of production volatility over a large
horizon because this volatility is affected by changes in extraction capacity, new investments,
field exhaustion as well as other unknown factors (geopolitical, etc.). In addition, oil
production is typically not volatile, which is the ‘puzzle’ this paper investigates. However,
the recent crisis provides a simple way to test the determinants of production cuts over a short
horizon. Indeed, the fall in prices between 2008 and 2009 occurred over a very short period
and was the most important driver of the fall in production. The drawback of the method is
that it relies on a single episode and therefore the dimension of the dataset is reduced to one
cross-section. For all the oil producers with reserves higher than 1 billion barrels, we
compute the change in oil production after the Lehman Brothers’ collapse, comparing the
average production in the 12 months leading to October 2008 with the average production in
the following 12 months.16

Following our results in section VII, we would want to test whether the drop in oil production
can be explained by:

• The size of oil reserves. We expect that countries with smaller reserves cut production
further when the oil price dropped. The data on oil reserves is taken from the EIA.

• The discount rate. We expect that countries that are more impatient will not cut as
much production in the face of a collapse of the oil price. The discount factor in a

16Production data is a monthly average of production, in million barrels per day. The source is Joint Oil Data
Initiative.
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Table 8. Determinants of Cuts in Production During the Crisis of 2008–2009
OLS (1) (2) (3) (4) (5)
Log(GDP per capital) 3.609* 3.586* 3.836**

(1.803) (1.756) (1.838)
Interest rate -2.254* -2.172* -2.162*

(1.142) (1.084) (1.171)
Log(Reserves) -0.508

(1.597)
Government oil revenues / Total revenues -21.77** -21.89** -19.30** -17.56* -15.11*

(8.695) (8.466) (9.041) (8.742) (8.800)
OPEC membership 23.49*** 22.42*** 21.04*** 18.71*** 16.98***

(6.224) (5.103) (5.463) (5.116) (5.299)
Constant -18.15 -19.24 14.36* -34.16* 2.333

(18.75) (17.97) (7.792) (17.67) (3.325)

Observations 23 23 23 24 25
R-squared 0.572 0.569 0.470 0.460 0.341
Standard errors in parentheses
***p < 0.01, ** p < 0.05

utility function is not observable, but we use two proxies. The first one is the interest
rate on external public debt, taken from JPMorgan’s EMBI database. For the countries
that do not have sovereign debt instruments, because they already accumulated large
external assets, we use publicly available rates of return on their oil funds (for Algeria,
Brunei and Norway)17 or an estimated rate of return for a diversified sovereign wealth
fund (for Libya, Iran and the GCC).18 The second proxy is the level of GDP per capita
(in US$ PPP)19: poorer countries that do not have access to international capital
markets should give higher value to current oil revenues (see van der Ploeg and
Venables, 2011, who show that, for capital-constrained resource-rich economies,
domestic interest rates are high and the optimal path of consumption is titled towards
the near future).

• Risk aversion. We expect that countries with higher risk aversion will be less likely to
change production as the oil price falls. Risk aversion is not observable, and there is no
simple proxy that can be used. However, we think that the share of oil revenues in total
government revenues can capture a similar link between risk and cuts in production.
Indeed, ceteris paribus, a government that relies heavily on oil revenues for its finances
is unlikely to vary production frequently, because the other elements in the budget are
not flexible.20

• Membership in OPEC. OPEC has stated explicitly an objective of price stabilization,
which would suggest that OPEC members should react more aggressively than other

17See individual IMF Country Reports for 2009–2010.

18Based on a portfolio of half US 10–year yields (3.7 percent) and half the long-run performance of the Dow
Jones (8 percent).

19The data is taken from IMF, 2010.

20The data on the share of oil revenues is for 2007 and comes from individual country IMF reports. For Brazil,
the data is deduced from Gobetti (2010). For Canada, the data is deduced from Ahmad and Mottu (2002). For
Denmark, the data is taken from Danish Energy Agency (2008). The data for India is deduced from Table 7 in
Segal and Sen (2011). For the UK, the data is from HM Revenues and Customs, 2011. The data for Venezuela
comes from an old IMF country report (1999). Data was unavailable for Argentina, Australia, China, Egypt and
the U.S.
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exporters to price changes.

A look at the data (Figure 5) reveals that cuts in production after the crisis were indeed larger
for countries that faced lower discount rates. No relationship appears with the share of oil
revenues in government revenues if one does not distinguish between OPEC and non-OPEC
members. However, for non-OPEC members, there is indeed a negative relationship between
the importance of oil revenues for the government and the production cuts that were
undertaken in end-2008 and 2009. The OLS regressions are presented in Table 8, and they
confirm what can be seen from the data. Controlling for OPEC membership, countries that
are more ‘patient’ (richer countries and countries facing lower interest rates/lower
opportunity costs) cut production further (see column 1). In addition, the share of
government revenues due to oil is significant and with the expected sign: governments that
depend on oil are less likely to cut production when prices fall. This could either be because
the share of government revenues is a good proxy for the willingness to stabilize revenues or
because interest rates/discount rates are more sensitive to production policies for
governments whose finances depend strongly on oil revenues. The size of reserves is not
significant when controlling for OPEC membership and was dropped in the regression shown
in column 2 (the other coefficients were not affected). Dropping income per capita and/or the
interest rate does not affect the results either (columns 3–5).

X. CONCLUDING REMARKS AND THE WORLD SUPPLY OF OIL

We proposed a Monte Carlo real option approach as a solution to the optimization problem of
a price-taker oil producer. This approach allows us to replicate some results of the ‘waiting to
invest’ literature in a multiple-period setting and to discuss the effect of interest rates, size of
reserves, risk aversion, expectations on the price of oil, and learning about the size of oil
reserves. The Monte Carlo numerical solution is accurate and flexible enough to solve the
problem with several state variables.

The baseline model shows that optimal extraction should be very volatile. Indeed, a 10
billion barrels oil field is worth US$357.9 billion under a constant extraction policy, but is
worth US$835.4 billion under the optimal policy when there is no minimum extraction
required for technical of financing reasons. The benefits from following an optimal strategy
would therefore reach 133 percent in terms of net present value, a dramatic improvement.
This proportion is approximately constant for different values of the oil reserves. Assuming
that a minimum production of 0.5 billion barrels per year is required every year (40 percent
of production is constrained), the gains reach 25.6 percent. If 60 percent of annual capacity
must be extracted every year, optimizing over the remaining 40 percent still increases the PV
of oil fields by 22 percent.

The model gives us two points in the theoretical world market supply curve, and allows us to
derive an approximation of the rest of the supply curve. We ranked countries with capacity
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higher than 500 thousand bb/d by their reserves and cumulated their production21 to draw a
rough approximation of the theoretical supply curve under the baseline specification of the
model (mean reverting oil prices, known reserves, linear utility and no extraction costs).
Figure 6 shows that in such a world, the supply elasticity would be very large and oil price
volatility would never reach the levels attained in 2008-2009. Indeed, demand would need to
fall as low as 30 million bb/d to see prices declining to US$40. On average, production
would be lower (as several countries would find the oil price to be below their threshold
price). As a result, prices would be higher but less volatile.

The benefits from varying production might by reduced by extraction costs, but costs tend to
depend on capacity rather than on production itself. Technical costs may also limit the scope
for varying production, but even optimizing over half of capacity would yield substantial
benefits to oil producers. We suggested risk aversion could explain why production is stable
in practice but risk-averse producers should also maintain spare capacity, a result at odds with
the evidence. We also showed that uncertainty in the size of reserves could explain why full
extraction is optimal but for mature producers, this uncertainty has been shrinking with time.
A third potential explanation is that uncertainties on the price process (for instance on
whether a shock is temporary or permanent) could explain why production is less volatile.
Finally, it is possible that because countries and companies’ borrowing conditions are
worsened by pro-cyclical extraction policies, volatile extraction policies are not optimal.
Indeed, the econometric finding that governments that are highly dependent on oil revenues
cut less production during the 2008–2009 crisis is compatible with this interpretation.

21Kuwait expected production profile and reserves are very similar to those of our large producer and therefore
its decision rule should be the same. Algeria, Mexico and Brazil should also have policies comparable with our
small producer (threshold around US$90) while Venezuela’s threshold price would lie in between. Norway and
Egypt policies should be to extract at prices higher than US$90 only.
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Figure 1: Standard Deviation of Change in Reserves (10-year rolling window, median country)
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Figure 3: Sensitivity to Key Parameters
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Figure 4: Sensitivity to Key Parameters (ctd.)
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Figure 5: Determinants of the Cut in Oil Production During the Crisis of 2008–2009
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Figure 6: World Oil Market
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