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determined by a balanced-budget rule. This paper introduces in an otherwise standard real business cycle 

model a more general and data coherent class of production functions, namely a constant elasticity of 

substitution production function. We show that the degree of substitutability between production factors 

is a key ingredient to understand the (de)stabilising properties of a balanced-budget rule. Then we 

calibrate the model consistently with the empirical evidence, i.e. we set the elasticity of substitution 

between labour and capital below unity. We show that compared to the Cobb-Douglas case, the 
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I. Introduction

A recurring debate in American politics regards the possibility of inserting in the US constitution
the requirements that federal government operates under a balanced budget rule (BBR). Indeed,
most states have constitutional or statutory limitations restricting their ability to run de�cits in
the state�s general fund. Balanced-budget limitations may be either prospective (beginning-of-
the-year) requirements or retrospective (end-of-the-year) requirements. The European Union,
after the sovereign debt crisis in Greece and Italy, is introducing the so called �Fiscal Compact�.
This pact requires that the government budgets shall be balanced or in surplus, with a maximum
level of annual structural de�cit of 0.5% of GDP.

In the economic literature there is no shortage of discussion on the BBR. Both traditional
business cycle literature (see among others Lucas and Stokey, 1983, King et al., 1988, Eggertsson
2008) and political economy literature (see among others Alesina and Perotti 1996; Besley and
Smart 2007; Azzimonti et al. 2010) study under di¤erent perspectives the normative properties
of adopting a BBR. A di¤erent strand of literature focuses on the stabilising properties of a BBR
on equilibrium determinacy. The main contribution to this can be found in Schmitt-Grohè and
Uribe (1997). The authors �nd that in a standard neoclassical growth model with indivisible
labour isomorphic to Hansen (1985) or King et al. (1988), imposing on the �scal authority a
balanced-budget requirement may induce self-ful�lling expectations, hence indeterminacy. The
intuition behind this result goes as follows: under a BBR, when agents expect higher tax rates
in the future, for a given level of capital stock, hours worked and therefore the rental rate of
capital will be lower (the marginal product of capital is decreasing in the capital/labour ratio).
The decrease in expected return on capital lowers current labour supply via its e¤ect on the
marginal utility of income, leading to a decline in current production. Given that the tax base
is an increasing function of income, the government is obliged, following a BBR to increase the
tax rate today. This countercyclical tax policy will help ful�ll agents�initial expectations, thus
leading to indeterminacy of equilibria and endogenous business cycle �uctuations. Furthermore,
as Schmitt-Grohè and Uribe show, a BBR would generate indeterminacy in the group of G7
countries if they were to adopt it.

This paper extends Schmitt-Grohè and Uribe�s model by considering a more general class of
production functions, namely the constant elasticity of substitution (CES) production functions
as in Arrow et al. (1961), which nest the traditional Cobb-Douglas (CD) as a particular case.
We justify the introduction of this production technology into an otherwise basic real business
cycle workhorse model in two ways. Firstly, from a purely theoretical point of view, by simply
varying a single model�s parameter, namely the elasticity of substitution between production
factors, the CES can be used to treat the production inputs, i.e. labour and capital, both
as gross complements (elasticity of substitution below one) or gross substitutes (elasticity of
substitution above one). Secondly, from an empirical point of view, recent studies, i.e. Antràs
(2004), Klump et al. (2007, 2012), León-Ledesma et al. (2010a), reject the CD speci�cation in
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favour of CES production function in which labour and capital are gross complements.

We obtain two sets of results. First, we show analytically that the degree of substitutability
between production factors is a key ingredient to understand the (de)stabilising properties of
a BBR. Second, when we parametrise the model consistently with the empirical evidence, i.e.
elasticity of substitution below unity, the instability problems that a¤ect the Schmitt-Grohè
and Uribe model are greatly reduced. Nevertheless, for parameter values at the high end of
these estimates, sunspot equilibria are still possible for the US, the EU and the UK.

The main intuition behind this result goes as follows. When the elasticity of substitution
between capital and labour is below unity, production factors are gross complements. This
causes labour hours to be more tightly coupled to the stock of capital. Consequently, equilibrium
hours worked can respond less freely to belief shocks, reducing the possibility of generating the
type of endogenous �uctuations which characterise the CD case.

The results presented in this paper link to the existing literature in several ways. Firstly,
our paper is closely related to Guo and Lansing (2009). Guo and Lansing also use a normalised
CES production function and analyse numerically the e¤ect of the elasticity of substitution
between capital and labor for indeterminacy. In their model, a discrete-time version of a mod-
i�ed Benhabib and Farmer�s (1994) indeterminate one-sector RBC model under laissez-faire,
the possibility of indeterminacy derives from increasing returns to scale due to a production
externality. In the present paper, it derives from the �scal increasing returns property of a
proportional income tax that is used to balance the government�s budget each period, such
that a larger economy coincides with a lower tax rate. Both papers �nd that decreasing the
elasticity of substitution decreases the possibility of indeterminacy. With respect to Guo and
Lansing, the originality of our theoretical contribution stands in explicitly deriving the analyt-
ical conditions of how the elasticity of substitution a¤ects the indeterminacy of the model and
to apply these conditions to a well de�ned �scal policy problem.

Secondly, it links to the literature on the stabilising properties of a BBR. Giannitsarou
(2007), using a discrete time version of Schmitt-Grohè and Uribe (1997) model, focuses on the
stabilising role of consumption taxation. Using the same framework, Linnemann (2008) argues
that the stability properties of a BBRmay improve sensibly when a class of non-separable utility
functions are considered. In a similar fashion, Stockman (2010) derives theoretical conditions
to obtain chaotic equilibria under a BBR.

From this, the goal of the paper is twofold. First, it derives the analytical conditions of how
the elasticity of substitution a¤ects the stability of a widely used theoretical model. Second, it
aims to develop an interest in the use of CES production technology in the analysis of economic
policy issues.
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The rest of the paper is organised as follows. Section 2 presents the model with only labour
tax and the determinacy analysis. Section 3 adds capital taxation to the benchmark model
and discusses the policy implications of introducing a BBR in the US, EU and UK. Section 4
concludes.

II. The Model

In this section we derive analytically the main results of the paper. In order to do this we
analyse a continuous-time one sector real business model which consists of households, �rms
and government. Government purchases are constant and the only source of government rev-
enues is a labour income tax. The initial stock of public debt is zero and the government
is subject to a balanced-budget requirement. The government budget constraint is given by
G = �htHtwt; where G indicates government purchases of goods, �ht denotes labour tax rate,
wt the pretax wage, and Ht hours worked. Firms hire labour and rent capital in a perfectly
competitive manner. We generalise the standard CD production function by employing a nor-
malised version of the CES production function. This represents the only di¤erence between
the model presented here and the one in Schmitt-Grohè and Uribe (1997).

The economy is populated by a unit measure of identical in�nitely-lived households. Each
household starts in period 0 with a positive stock of capital, K0 and chooses path for consump-
tion, Ct; hours and capital, so to maximise the present value of its lifetime utility. The disutility
of labour is linear. In mathematical terms, each household solves:

max

Z 1

0

e��t (logCt � AHt) dt (1)

subject to Kt � 0 and to the standard budget constraint:

_Kt = (�t � �)Kt + (1� �ht )wtHt � Ct (2)

where � 2 (0; 1) is the subjective discount factor, A 2 [0;+1) is a standard utility parameter,
�t denotes the rental rate of capital, � 2 (0; 1) is the depreciation rate. A dot above a variable
denotes the time derivative, so _Kt is net investment. The �rst order conditions associated with
this problem are:

ACt = (1� �ht )wt (3)

_Ct = (�t � � � �)Ct (4)

The �rst equation states that the slope of the indi¤erence curve of the representative house-
hold equates to the slope of the after tax real wage. The second equation is the consumption
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Euler equation. Alongside those we have the following transversality condition:

lim
t!1

e��t
Kt

Ct
= 0 (5)

The representative �rm produces output Yt, hires labour at a rate wt and rents capital at a rate
�t according to a CES production function of the type:

Yt = B
h
� (Kt)

��1
� + (1� �) (Ht)

��1
�

i �
��1

(6)

where � 2 (0; 1). Note that when � = 1 the CES collapses to the CD case, when � ! 0 it
collapses to the Leontief case where capital and labour are perfect complements, while when
� !1; capital and labour become perfect substitutes.

Let FH and FK denote the �rst derivatives of the production function with respect to labour
and capital respectively. The representative �rm maximises the stream of pro�t:

max

Z 1

0

e��t (Yt � wtHt � �tKt) dt (7)

subject to the production function as de�ned in eq. (6). The �rst order conditions for this
problem are:

FH;t = wt = (1� �)B

�
Yt
Ht

� 1
�

(8)

and

FK;t = �t = �B

�
Yt
Kt

� 1
�

(9)

These two equations state that the marginal products of the production inputs equate to their
corresponding prices. Following Klump and de LaGrandville (2000), Guo and Lansing (2009)
and Cantore et al. (2013), we �normalise�the standard CES production function so that all
steady-state allocations and factor income shares are held constant as the input substitution
elasticity is changed. Normalisation removes the problem that arises from the fact that labour
and capital are measured in di¤erent units, see Klump and Marianne 2008. Under CD, nor-
malisation plays no role since, due to its multiplicative form, di¤erences in units are absorbed
by the scaling constant. The CES function, by contrast, is highly non-linear, and so, unless
correctly normalised, out of its two key parameters - the distribution parameter � and the
substitution elasticity � - only the latter is deep. The former turns out to be a¤ected by the
size of the substitution elasticity and factor income shares. Accordingly if one is interested in
model sensitivity with respect to production parameters (as here), normalisation is essential to
have interpretable comparisons. Given the aim of the paper we normalise the CES with a CD
production function.1

1We refer the reader to the Appendix for an outline of the normalisation procedure.
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In order to complete the description of the model we need to de�ne the aggregate resource
constraint for the economy as:

Yt = Ct +G+ _Kt + �Kt (10)

A. Steady State

The adopted normalisation implies that our model shares the same steady state as Schmitt-
Grohè and Uribe (1997). Given the distortive nature of �scal policy, in the steady state there
is a La¤er curve-type of relation between tax rates and tax revenues. From the steady state
relations of the endogenous variables, it is easy to show that government revenues are zero when
tax rates are either zero or one and positive in between. Provided that government revenues
are a continuous function of the tax rate, there must be a �h� that maximises G. In turn �h�

can be found as the solution of @G
@�h

= 0 as:

G
(1� ��)

�
�h
�2 � 2�1� �� �

�+�

�
�h +

�
1� �� �

�+�

�
�h (1� �h)

�
1� �h (1� ��)� �� �

�+�

� = 0

where �� is the income share of capital (i.e. the usual CD parameter) obtained via the normali-
sation procedure and �

�+�
is independent of �h: Note that for �h 2 (0; 1) ; G and the denominator

are always positive.2 So �h� corresponds with the zeros of the polynomial:

(1� ��)
�
�h
�2 � 2�1� �� �

� + �

�
�h +

�
1� �� �

� + �

�
(11)

When �h = 0 the above expression takes the value of 1� �� �
�+�

> 0; while when �h = 1 it takes

the value of ��
�

�
�+�

� 1
�
< 0: Hence one of the zeros happens when �h 2 (0; 1) and the other

when �h > 1: Therefore there is a unique maximum of government revenues, �h� between 0 and
1:

III. Determinacy Analysis

We log-linearise the structural equations around a normalised steady state. As previously
discussed, we follow the normalisation procedure presented by Guo and Lansing (2009) and
Cantore et al. (2013). This allows us to use the CD production function as a steady state

2To see why the denominator is positive, note that 1� �h (1� ��)� �� �
�+� > 1� (1� ��)� �

�
�+� : The latter

can be written as ��
�
1� �

�+�

�
which is positive.
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benchmark. After some straightforward manipulations we can rewrite the model as one involv-
ing just two dynamic variables, namely consumption and capital accumulation (see Appendix
B for details of the log-linearisation). The model can be represented as:

"
:
ct
:

kt

#
=

264 � (� + �)

�
(1���)(1��h)

�����h

�
� (� + �) 1

�

�
1 + �� 1���

h

��h���

�
Y
K
� (1� ��) �h�1

�����h �
C
K

Y
K
��
�
���h+1
�����h

�
� �

375� ct
kt

�
(12)

where a lower case variable identi�es its log-linearised value and a variable without time index
identi�es its steady state value. Let J be the matrix of this linear system. Since (12) contains
one predetermined, kt; and one non-predetermined variable, ct; the perfect-foresight equilibrium
will be locally determinate if, and only if, the two eigenvalues of J have di¤erent signs. Since
the determinant of J is the product of its eigenvalues, the system is determinate if and only if
the determinant of J is negative. However, if the determinant is positive and the trace (which
is the sum of the eigenvalues of J) is negative, i.e. both eigenvalues of J are negative, the
perfect-foresight equilibrium will be indeterminate. Finally, if both the determinant and the
trace of J are positive, i.e. both eigenvalues of J are positive, the perfect-foresight equilibrium
will be unstable. The determinant and trace of J are respectively:

Det (J) =
� (�+ �) (1� ��)

��
�+�

(�� � ��)

�
(1� ��)

�
�h
�2 � 2�1� �� �

� + �

�
�h +

�
1� �� �

� + �

��
(13)

Trace (J) =
(�+ �)

�
1� ��h

�
� (�+ �)

��
1� �h

�
(1� ��)

�
��� ��h

� � (14)

The next two propositions describe the possible equilibrium outcomes.

Proposition 1 Necessary and su¢ cient conditions for equilibrium determinacy are:

if � 2 [��;+1) =) �h 2 [0;min
� ��
�
; �h�

�
) or �h 2 (max

� ��
�
; �h�

�
; 1]

else � 2 [0; ��) =) �h 2 [0; �h�)

Proof. See Appendix C.
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Proposition 2 De�ne " = ���
���(1���)(�+�) : The following four cases fully categorise all the model

outcomes:

a) If � 2
�
0; 1 +

� (1� ��)
�

�
and

��

�
< �h�; the model is indeterminate if �h 2

� ��
�
; �h�

�
and determinate if �h =2

� ��
�
; �h�

�
.

b) If � 2
�
0; 1 +

� (1� ��)
�

�
and

��

�
> �h�; the model is unstable if �h 2

�
�h�;min

� ��
�
; 1
��

and determinate if �h =2
�
�h�;min

� ��
�
; 1
��
.

c) If � 2
�
1 +

� (1� ��)
�

;+1
�
and " > �h�; the model is indeterminate if �h 2

� ��
�
; �h�

�
and determinate if �h =2

� ��
�
; �h�

�
.

d) If � 2
�
1 +

� (1� ��)
�

;+1
�
and " < �h�; the model is indeterminate if �h 2

� ��
�
; "
�

and unstable if �h 2
�
"; �h�

�
and determinate if �h =2

� ��
�
; �h�

�
.

Proof. See Appendix C.

Proposition 1 and 2 state the main result of the paper. Under a BBR, the elasticity of
substitution between production factors changes markedly the determinacy properties of the
model. A few points are noteworthy here. First, �h� is not a function of �: This is a direct
consequence of the normalisation procedure, i.e. at steady state the La¤er curve is independent
of �: Second, the threshold tax rate which may cause model�s instability is not only a function,
as in Schmitt-Grohè and Uribe (1997), of the steady state share of capital to output ��; but
also and in a non-trivial way of the elasticity of substitution between input factors �:When the
complementarity between factors increases, i.e. when � is smaller, the possibility of determinacy
when the model is on the upper slope of the La¤er curve increases, while the opposite is true
when � gets bigger.3 Furthermore, it is interesting to note that for particularly low values of
�; i.e. when ��

�
> �h�, the model is determinate for any �h < �h�.

Proposition 2 classi�es the equilibrium outcomes when the model displays some sort of
sunspot �uctuations, i.e. either stationary or not. Unlike the CD speci�cation we are able to
induce instability in the system when the labour income tax is the only source of government
revenue.

3Note that our results perfectly nest Schmitt-Grohè and Uribe (1997) when � = 1:



10

A. Intuitions: a Closer Look at the Labour Market and the La¤er
Curve

The equilibrium conditions obtained can be explained by the interactions between the shape
of the La¤er curve and the e¤ect of � on the "equilibrium labour demand schedule" (LDS
henceforth). As in the Schmitt-Grohè and Uribe model, our LDS may slope upwards since
increases in aggregate hours worked are accompanied by decreases in the tax rate. As we
describe in detail later, this is the central mechanism that generates indeterminacy in the
model.4 In our framework, the elasticity of substitution between factors greatly modi�es the
LDS slope, in turn a¤ecting markedly the equilibrium outcomes. To see why, let us write the
after-tax labour demand function (in log deviation from steady state) as:

ewt = �h � ��=�
1� �h

ht +
��=�

1� �h
kt (15)

where ewt � ŵt � �h

1��h �̂
h
t denotes the log deviation of the after-tax wage rate from the steady

state. Note that if �h < ��
�
the slope of the LDS is negative while it is positive in the opposite

case, i.e. if �h > ��
�
: It is worth stressing that the elasticity of substitution parameter implies

that the higher the complementarity (substitutability) between production factors, the higher
(lower) is the steady state tax rate threshold that �ips the sign of the LDS slope.

According to Proposition 1 and Proposition 2, indeterminacy occurs when jointly the LDS
slopes upwards and �h < �h�; i.e. we stand on the increasing side of the La¤er curve. The
intuition behind this goes as follows: let us assume the economy is on the increasing side of
the La¤er curve and the LDS slopes upwards. In this scenario, when agents expect higher tax
rates in the future, for a given level of capital stock, hours worked and therefore the rental
rate of capital will be lower. This is because the marginal product of capital is decreasing in
the capital/labour ratio. In turn, since consumers want to invest less in the future, there is
a decrease in current aggregate employment and a decline in output. Given that we are on
the increasing side of the La¤er curve, the government is obliged, following a BBR, to increase
taxes today. Hence, expectations of higher taxes in the future lead to higher taxes today thus
generating self-ful�lling prophecies.

As � decreases below unity, production factors become gross complements. This causes the
demand of labour to be more tightly coupled to the stock of capital, which is predetermined.
Consequently, hours worked can respond less freely to belief shocks. In other words, when � is
�low�, the LDS is likely to slope downward, inducing current aggregate employment to increase
when agents expect higher taxes. This leads to lower taxes today thus making endogenous
�uctuations more di¢ cult to occur. In the case where � � ��; the economy will be determinate

4The same mechanism generates indeterminacy in the one-sector growth model with increasing return
analysed in Benhabib and Farmer (1994).
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anywhere on the upward sloping part of the La¤er curve. These e¤ects are reversed when
production factors are gross substitutes, i.e. � > 1.

Furthermore, when the model is not determinate and �h < �h�; i.e. the system is on
the increasing side of the Latter curve and the LDS slopes upward, sunspot �uctuations are
stationary. This is because an increase in current taxation generates a further decrease in the
equilibrium hours worked. This decrease pushes �scal policy to implement a further increase
in current taxation. As a result, for a given expected increase in the future tax rate, the tax
rate in period 0 is larger in absolute value than the tax rate in period t0 for any t0 > 0: Hence,
the sequence of tax rates converges to the steady state, i.e. indeterminacy.

When the steady state tax rate is greater than �h�, i.e. on the decreasing side of the La¤er
curve, a positive slope in the LDS is a necessary condition for determinacy. This is because while
expectations of higher future tax rates generate a decrease in current aggregate employment,
�scal policy needs to cut taxes in order raise revenues and therefore to balance its budget, in
turn contrasting the initial expectations of higher taxes.

We are also able to induce instability in the model with only labour income tax. This occurs
whenever LDS slopes downwards and we stand on the decreasing side of the La¤er curve. The
intuition behind this result is the following. Let us consider the case where complementarity
between factors is so strong that ��

�
> �h�; and agents expect higher future taxes. A negative

LDS slope implies that equilibrium hours worked increase. Since the system is now on the
decreasing side of the La¤er curve, the government needs to raise taxation (to decrease govern-
ment revenues) in order to balance its budget. While higher taxation today helps to self-ful�ll
agents�expectations, it decreases current labour demand putting a slight downward pressure
on taxes. As a result, (for a given expected increase in the future tax rate) tax rates in period
0 increase less in absolute value than tax rates in period t0 for any t0 > 0: Hence, the sequence
of tax rates has an explosive path, i.e. instability.

Finally, note that we can induce instability even when production factors are gross substitute
and the tax rate is smaller than the peak of the La¤er curve. This is possibly due to the perverse
e¤ect of the high degree of substitutability and the positive LDS slope. However, given that,
as discussed below, this occurs for empirically implausible5 values of �; this result goes beyond
the aim of the present exercise. Hence we leave future research to explore this conjecture in
more detail.

5With a standard parametrisation 1 + �(1���)
� = 2:75: This value is outside plausible estimates of �:
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B. A Numerical Example

In order to show how the elasticity of substitution changes quantitatively the determinacy
analysis, we present a numerical example. The model is calibrated to annual frequency. The
parameter values, with the obvious exception of �; are the same as in Schmitt-Grohé and Uribe
(1997) and are � = 0:04 for the annual interest rate, � = 0:1 for the capital depreciation rate,
the utility parameter A is calibrated to 1 and the CD capital income share in output is �� = 0:3:

In order to have a comprehensive picture of how the elasticity parameter modi�es the
(de)stabilising properties of a BBR, we allow � to vary between 0:2 and 1:8: These values
are extreme from an empirical point of view but useful to give a graphical representation of the
theoretical results.6

Figure 1 - Determinacy analysis with labour tax only. White area, determinacy. Grey area,
indeterminacy. Black area, instability.

Results of this exercise are presented in Figure (1). Each subplot presents the values of
labour tax rates that induce determinacy (white area), indeterminacy (grey area) and instability
(black area). As discussed in detail before, reducing the value of � reduces the indeterminacy
area, in turn expanding the possibility that for a given tax rate, a BBR delivers determinacy.
Finally, when ��=� > �h�; a BBR may induce instability for steady state labour tax rates greater
than the peak of the La¤er curve (bottom right subplot).

6We refer the reader to section 3 for a detailed discussion on the empirical estimates of �:
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IV. Policy Analysis

In this section we examine the empirical relevance of combining a CES production function
with a BBR. After introducing capital taxes, we discuss how we de�ne a range of reasonable
values for the elasticity of substitution parameter for the US, the EU and the UK and, �nally,
we show that the likelihood of being in a indeterminate area is sensibly reduced.

A. Adding Capital Taxes

In this section we extend the basic result to a case where capital income taxation is an additional
source of government revenue.7 In this case, government budget constraint takes the form:

G = �htwtHt + (�t � �) � ktKt (16)

where � kt is the tax rate and the term �� kt �Kt represents the depreciation allowance. In this
analysis we consider the case where government purchases are �xed and �h and � k vary in the
same proportion to balance the budget, i.e. �̂ht = �̂ kt .

8

Figure 2 - Determinacy analysis with labour and capital taxes. White area, determinacy.
Grey area, indeterminacy. Black area, instability. The pairs (�h; � k) for which �h = � k (the
solid line) correspond to the case of an income tax regime with depreciation allowance.

7Given the aim of the paper we ignore consumption taxes which are a signi�cant source of revenues in the
European countries. See Giannitsrou (2007) for a detailed discussion on this theme.

8The assumption that capital and labor tax rates vary in the same proportion to balance the
budget may be considered ad hoc and rather arbitrary. We present this in order to make our results easily

comparable with Schmitt-Grohè and Uribe (1997) and Giannistorou (2007).
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The determinacy analysis is represented in Figure 2. To be consistent with the labour
income tax case, we let the elasticity of substitution parameter � vary between 0:2 and 1:8.
The solid line represents the points where �h = � k and it corresponds to the case of an income
tax regime with depreciation allowance. As before, each subplot presents the values of labour
and capital tax rates that induce determinacy (white area), indeterminacy (grey area) and
instability (black area). The central graph represents the CD case discussed by Schmitt-Grohè
and Uribe (1997), i.e. � = 1. Note that if � k = 0; the model collapses to the one analysed
in the previous section. As in Schmitt-Grohè and Uribe (1997), Guo and Harrison (2004) and
Giannitsarou (2007), the presence of an endogenous labour tax rate is the key destabilising
ingredient of the model. If labour taxes are endogenous, as the steady state capital tax rate
increases, the range of indeterminacy with respect to labour taxes becomes larger.

However, as described in detail above, decreasing (increasing) the elasticity of substitution
between factors decreases (increases) the potential destabilising e¤ects of endogenous labour
tax rate, in turn reducing (augmenting) the possibility of indeterminacy for a given mix of
capital-labour taxation.9

B. An empirical perspective on the elasticity of substitution

As we discuss above, � is a key parameter to understand the determinacy properties of the
model. Therefore, in order to conduct a realistic policy analysis, it is crucial to calibrate the
elasticity of substitution between production factors consistently with the empirical evidence.
In what follows we provide a brief literature review of the e¤orts made and the di¢ culties found
in estimating this key parameter: Based on this survey, we conclude with a typical range of
values for the elasticity of substitution between labour and capital for the US, the EU and the
UK. Then, we use these values in the calibration exercise.

Despite the huge e¤orts devoted to its estimation, limited consensus has emerged on the
value of the substitution elasticity. This doubtless re�ects many practical data problems (e.g.,
outliers, uncertain autocorrelation, structural breaks, quality improvements, measurement er-
rors, etc.) as well as a priori modeling choices and the performance of various estimators. For
example, depending on the methodology employed, the existing literature �nds values that are
both well below and near the unity. Early studies based on cross sectional analysis generally �nd
an elasticity of substitution close to one, i.e. they could not reject a CD production function,
see, inter alia, Fuchs (1963), Zarembka (1970) and Dhrymes and Zarembka (1970). Di¤erently,
estimates based on time series typically �nd an elasticity of substitution signi�cantly lower than

9Note that for extremely strong factor complementarity, i.e. � = 0:2; the system may display instability for
combinations of �high�level of labour income taxation and �low�capital income taxation. However, given the
empirical implausability of this scenario, we do not explore this result further.



15

one, implying gross complementarity between production factors, e.g. Lucas (1969) provides
a value of � in the range 0:3 to 0:5; Coen (1969) �nds that the best �t occurs when � = 0:2
and Maddala (1965) estimates values for � between 0:1 and 0:2. Furthermore, estimates of �
based on the marginal productivity of capital tend to be lower than those based on the marginal
productivity of labour, i.e. Dhrymes and Zarembka (1970).

In an in�uential contribution, Berndt (1976) attempts to reconcile these views. He con-
structs a high quality time series data for the U.S. for the period 1929-1968 and estimates � via
a time series two-stages least squares procedure. Using a variety of functional forms and assum-
ing Hicks-neutral technological change, Berndt �nds an elasticity of substitution close to one.
Antràs (2004) extends Berndt�s analysis by allowing for a more general speci�cation of the ag-
gregate technological progress. Firstly, he suggests that the Berndt assumption of Hicks-neutral
technical progress, coupled with relatively stable factor shares and growing capital-labor ratio,
biases the results towards a CD.10 In other words, the assumption of Hicks-neutral technology
necessarily biases the estimates of � towards one. Secondly, by allowing for biased technology
progress, i.e. technology change is allowed to a¤ect the ratio of marginal products of labour
and capital, Antràs �nds estimates of � signi�cantly lower than one. He identi�es as a typical
range for the US of � to be between 0:6 and 0:9 and also acknowledges the possibility for the
elasticity of substitution to be lower than 0:5.

A recent growing literature builds on the time series approach proposed by Antràs that
allows for biased technological progress and applies to the CES production function a normal-
isation procedure isomorphic to the one presented in Section 2. Leon-Ledesma, et al. (2010a)
stress the empirical bene�ts of estimating and identifying normalised production functions, i.e.
it simpli�es the setting of initial conditions, it provides a neat link between theoretical and em-
pirical production functions and allows ex-post validation of estimated parameters.11 Klump,
et al. (2007), using a normalised CES function with factor-augmenting technical progress,
estimate a three-equation, supply-side system and �nd elasticity values for the US economy
between 0:5 and 0:7: In a similar fashion, Leon-Ledesma, et al (2010b, 2011) and McAdam and
William (2013b) �nd values of � in the same range.

Given the high variability of the estimated values of �; in order to present our results in a
robust manner we adopt as parametrisation for the U.S. the interval (0:5; 0:9) ; adopting as a
central value � = 0:7: This parametrisation encompasses most of the recent empirical evidence.

The number of empirical studies on the elasticity of substitution for the UK and the EU
is not as large as the for the US. Therefore the parametrisation for these two areas relies on
a handful of papers. For the UK, Bolt and van Els (2000), by using a time series two steps

10Both growing capital/labor ration and constant factor shares are well documented stylised facts of the U.S.
post WWII data.
11We refer the reader to section 2 for a discussion of the theoretical importance of normalisation.
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estimation technique, �nd a value of � around 0.6. Barnes, et al. (2008) estimate the elasticity
of substitution with a panel of UK �rms and �nd an elasticity of substitution between 0.4 and
0.65. As for the Euro Area, Klump, et al. (2007, 2012) estimate a normalised CES production
function and �nd values between 0.6 and 0.7. Bolt and van Els (2000) �nd a lot of heterogeneity
among European countries with values of � that range from 0.24 (Austria) to 0.78 (Belgium).
McAdam and William (2013a) report values of � in the interval (0:65; 0:8). We therefore
conclude that a reasonable range for the UK and the EU for � to be (0:4; 0:8) with a central
value of 0:6:

C. Balanced-budget rules and determinacy analysis in the US, EU
and UK.

This section discusses the policy implications of evaluating a BBR when factors are gross
complements. With the exception of � and the tax rates, our results are based on the same
parametrisation used for Figures 1 and 2 so that the model is, ceteris paribus, in line with the
analysis of Schmitt-Grohé and Uribe (1997). For the tax rates we use the estimation procedure
of Mendoza, et al. (1994) for the US, the EU and the UK. Furthermore we parametrise �
according to the typical ranges as described above.

We perform two exercises. In the �rst one, we study the stability properties of the model
for the US, the EU and the UK by using the estimated labour and capital tax rates for 2007.
In the second exercise we extend this analysis to the period 1995� 2007.

The estimated labour and capital tax rates for 2007 are summarized in Table 1.

Table 1 - 2007 Estimated Tax Rates

Capital Tax Labour Tax
US 0:382 0:284

EU 0:383 0:343

UK 0:451 0:304

The results of the �rst exercise are presented in Figure 3: This �gure presents three subplots,
each for di¤erent values of the elasticity of substitution. The three parametrisations of �
represent the central value as well as the two extremes of the typical range of estimates as
presented in the previous section. As discussed above, we assume that both labour and capital
taxes are endogeneous and vary in the same proportion along the business cycle.
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Figure 3 - Endogenous capital and labour income rate for the empirical range of � for the
U.S. (�rst row), the E.U. (second row) and the U.K. (third row).

The graph highlights three �ndings. First, the model parametrised at the central values of
�, i.e. 0:7 for the US and 0:6 for EU and UK, delivers determinacy. This is the central result
of this exercise and sheds light on the importance of evaluating BBR when factors are gross
complements. Second, despite a sensible reduction in the indeterminacy area, the model can
still be indeterminate when we consider the high range of estimates of �, i.e. 0:9 for the U.S.
and 0:8 for both the EU and the UK. Third, the model evaluated in the CD case, i.e. in the
Schmitt-Grohé and Uribe (1997) analysis, is indeterminate in the US, the EU and the UK. In
other words, given the 2007 tax rates, determinacy requires certain levels of complementarity
between production factors, i.e. � < 1: Furthermore, it is interesting to note the destabilising
properties of labour taxation: ceteris paribus, the higher the tax rates on labour the higher
the likelihood of indeterminacy. The threshold values of � necessary to obtain determinacy are
reported in Table 2.

Table 2 - Threshold value of � necessary for determinacy in 2007

US Determinate if � � 0:82
EU Determinate if � � 0:64
UK Determinate if � � 0:72

In the second exercise, we repeat the analysis conducted for 2007 for each year of the period
1995� 2007. Table 3 reports the lowest and highest values of the upper bound of � necessary
to obtain determinacy. Changes in the threshold values of � are due to changes in the labour
and capital tax rates. A few things are worth stressing.



18

First, the upper bound of � necessary to obtain determinacy is always lower than one.
This implies that the results of Schmitt-Grohè and Uribe (1997), i.e. a BBR coupled with a CD
production function is likely to generate indeterminacy, hold for the period under consideration.
Second, the model evaluated at the central values of the estimates of �, delivers determinacy
in the whole period and for all the countries considered. These two �ndings allow us to extend
the results found for the year 2007 to the period 1995-2007. Lastly, it is interesting to note that
there may be the possibility that a BBR delivers determinacy for the entire range of realistic
estimates of the elasticity of substitution in the US and UK (last column of Table 3).

Table 3 - Threshold values of � for stability in the period 1995� 2007
Lowest Value Highest Value

US Determinate if � � 0:78 Determinate if � � 0:93
EU Determinate if � � 0:62 Determinate if � � 0:68
UK Determinate if � � 0:72 Determinate if � � 0:92

V. Conclusions

This paper studies how the introduction of a general class of production function, namely a
CES, which is able to match the empirical evidence on the substitutability between labour and
capital, changes the local determinacy analysis of a neoclassical economy where �scal policy
follows a balanced-budget rule (BBR).

We obtain two sets of results. Firstly, from a theoretical point of view, we show ana-
lytically that the degree of substitutability between production factors is a key ingredient in
understanding the (de)stabilising properties of a BBR. In this respect we contribute to the the-
oretical literature of both the BBR and the CES production function (see among others Guo
and Harrison 2004; 2008; Giannaritsarou, 2007; Linnemann, 2008; Guo and Lansing, 2009).
Secondly, from a policy point of view, when we calibrate the model consistently with the em-
pirical evidence, i.e. elasticity of substitution below unity, the instability problems that a¤ect
the Schmitt-Grohè and Uribe model are sensibly reduced for the US, the EU and the UK.
In this respect, our results contribute to the current policy debate and open the door on the
plausibility for adopting a BBR.
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Appendix A - The Normalisation Procedure

As stated before we are using a normalised CES production function. The meaning of the
normalisation is that the family of CES production function need a common benchmark point.
Since the elasticity of substitution is de�ned as a point of elasticity we need to �x the benchmark
values for the level of production, factor inputs and for the marginal rate of substitution or
equivalently for the per-capita production, capital deepening and factor income share.

Therefore we need to recalibrate the parameters B and � each time that the elasticity of
substitution � is varied to have the factor shares and the steady state allocations constant. In
particular, when � is varied, we want to maintain the value of B equal to its value of the CD
output steady-state case and the value of the parameter � is set to maintain at each point the
steady state capital income share, therefore its value must be equal to 0:7.

For our analysis we use as reference point the normalised quantities for the CD case with
� = 1 and B = 1.

In order to achieve that result the parameters used takes the form:

� =
��

��+ (1� ��)
�
KCD

HCD

� (17)

B =
Y CDh

� (KCD) + (1� �) (HCD) 
i1= (18)

where KCD and HCD are the steady state values of capital and labour of a CD production
function.

Appendix B - The Log-Linearised System

In order to study the local determinacy we log-linearise the structural equations around the
non-stochastic steady state. Here we present the log-linearise system. A lower case variable
identi�es ct = log

�
Ct
C

�
: �̂ht identi�es the log-linearised labour tax rate. ŵt is the log-linearisation

real wage and �̂t the log-linearised real interest rate.

ct =
��h
1� �h

b�ht + ŵt (19)
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0 = b�ht + ŵt + ht (20)

:

kt =
Y

K
yt � �kt +�

C

K
ct (21)

:
ct = ��̂t (22)

�̂t =
1

�
(yt � kt) (23)

ŵt =
1

�
(yt � ht) (24)

yt = �

�
B
K

Y

� 
kt + (1� �)

�
B
H

Y

� 
ht (25)

where  = ��1
�
. If we substitute (17) and (18) into the previous expression we obtain:

yt = �kt + (1� �)ht

Appendix C - The Determinacy Analysis

The model can be reduced to one involving only two dynamic variables, namely, consumption
(non-predetermined) and capital (predetermined), as:"

:
ct
:

kt

#
= J

�
ct
kt

�
(26)

where:

J =

"
� ��+�

h����h�1
�����h �� 1

�

�
1 + �����

h+1
��h���

�
Y
K
� (1� ��) �h�1

�����h �
C
K

Y
K
�����

h+1
�����h � �

#
The system is determinate if and only if:

Det (J) < 0

While the system displays indeterminacy if and only if:

Det (J) > 0 \ Trace (J) < 0 (27)

i.e. both eigenvalues of J are negative, and it is unstable if and only if:

Det (J) > 0 \ Trace (J) > 0

i.e. both eigenvalues of J are positive.
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Proof of Propositions 1 and 2

Determinant and trace of J are respectively:

Det (J) =
� (�+ �) (1� ��)
��
�+�

(��h � ��)

�
(1� ��)

�
�h
�2 � 2�1� �� �

� + �

�
�h +

�
1� �� �

� + �

��

Trace (J) =
(�+ �)

�
1� ��h

�
� (�+ �)

��
1� �h

�
(1� ��)

�
��� ��h

� �

Sign of the Determinant

The sign of the determinant is the product of the sign of �(�+�)(1���)
��
�+�

(�����) and (1� ��)
�
�h
�2 �

2
�
1� �� �

�+�

�
�h +

�
1� �� �

�+�

�
:

Part 1: Sign of �(�+�)(1���)��
�+�

(�����) :

� (�+ �) (1� ��)
��
�+�

(�� � ��)
> 0 if and only if �h >

��

�

Part2: Sign of (1� ��)
�
�h
�2 � 2�1� �� �

�+�

�
�h +

�
1� �� �

�+�

�
:

See Steady State section in the main text, i.e:

(1� ��)
�
�h
�2 � 2�1� �� �

� + �

�
�h +

�
1� �� �

� + �

�
> 0 if and only if �h 2 [0; �h�)

Furthermore note that if �h = 0:5; (1� ��)
�
�h
�2� 2�1� �� �

�+�

�
�h+

�
1� �� �

�+�

�
> 0. Putting

Part 1 and part 2 together one obtains that the determinant is positive:

if �h� >
��

�
=) �h 2 ( ��

�
; �h�)

else �h� <
��

�
=) � 2 (�h�;min( ��

�
; 1))

Sign of the Trace

The trace of J is:

Trace (J) =
(�+ �)

�
1� ��h

�
� (�+ �)

��
1� �h

�
(1� ��)

�
��� ��h

� �
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It is easy to show that the conditions for Trace (J) < 0 are:

if �� < � � 1 + � (1� ��)
�

! �h >
��

�

elseif � > 1 +
� (1� ��)

�
! ��

�
< �h <

���

�� � (1� ��) (� + �)
= "1

elseif � < ��! Trace (J) > 0 8 �h 2 [0; 1]

Result 1: Determinacy

The system as de�ned in (26) is determinate if and only if Det (J) < 0; hence:

if � 2 [��;+1) =) �h 2 [0;min
� ��
�
; �h�

�
) [ �h 2 (max

� ��
�
; �h�

�
; 1]

else � 2 [0; ��) =) �h 2 [0; �h�)

Result 2: Indeterminacy-Instability

De�ne " = ���
���(1���)(�+�) : The following four cases fully categorise all the model outcomes:

a) If � 2
�
0; 1 +

� (1� ��)
�

�
and

��

�
< �h�; the model is indeterminate if �h 2

� ��
�
; �h�

�
and determinate if �h =2

� ��
�
; �h�

�
.

b) If � 2
�
0; 1 +

� (1� ��)
�

�
and

��

�
> �h�; the model is unstable if �h 2

�
�h�;min

� ��
�
; 1
��
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�
�h�;min

� ��
�
; 1
��
.

c) If � 2
�
1 +

� (1� ��)
�

;+1
�
and " > �h�; the model is indeterminate if �h 2

� ��
�
; �h�

�
and determinate if �h =2

� ��
�
; �h�

�
.

d) If � 2
�
1 +

� (1� ��)
�

;+1
�
and " < �h�; the model is indeterminate if �h 2

� ��
�
; "
�

and unstable if �h 2
�
"; �h�

�
and determinate if �h =2

� ��
�
; �h�

�
.
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