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1 Introduction

How best to respond to supply shocks is a classic topic in monetary economics, and one that ad-

vanced economies’ recent experiences with inflation have brought back to the forefront. Starting in

mid-2021, a series of supply shocks led central banks in many countries to ask similar questions:1

should they look through supply shocks – even temporarily – at the risk of de-anchoring inflation

expectations; or should they immediately tighten monetary policy to keep expectations anchored,

albeit at the risk of hindering the recovery from the COVID pandemic? More recently, the possibil-

ity of large shifts in the global trade landscape has rekindled discussion on the best way to manage

inflation expectations in the presence of large supply shocks, and how policymakers should weigh

this priority against other objectives.2

To adequately address the question of the appropriate policy response to supply shocks, it

is important to tackle them in a framework rich enough to capture both the costs and benefits

of looking through these shocks. In our view, this requires two key modelling ingredients: (i) an

explicit mechanism for why looking through supply shocks can be attractive to policy-makers under

certain circumstances; and (ii) a flexible approach to modelling inflation expectations that allows

for the possibility that looking through supply shocks could lead to de-anchoring. While each of

these elements is present in the literature, the aim of this paper is to bring them together in a setup

that is sufficiently tractable to allow for an explicit characterization of the relevant policy trade-offs

and their optimal resolution under a range of assumptions on the expectation formation process.

To preview our model’s main features, the two key ingredients that we just described will

respectively take the form of wage rigidities and a model of bounded rationality that involves level-

k thinking but nests both adaptive and rational expectations as special cases. With regard to

the first of these key ingredients, one might be tempted to instead turn to the canonical three-

equation New Keynesian (NK) model, which assumes a combination of sticky prices and flexible

wages and plays a central role in many monetary policy discussions. However, as we are reminded

in Reis (2022), an incentive to look through supply shocks only arises in this context when these

shocks are conflated with mark-up shocks, which we view as inappropriate given that many of the

shocks contributing to the recent inflation surge were “true” supply shocks with direct bearing

on the productive capacities of many economies (e.g., supply chain disruptions, commodity price

1Recent work in di Giovanni et al. (2022) provides empirical evidence for the significant role of supply shocks in
accounting for the recent inflation surges in the euro area and the United States.

2See, e.g., Macklem (2025).
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shocks).3 When facing such shocks, the prescription of the canonical NK model is instead that

policy-makers should never look through them, even if they are temporary, since a policy that

adjusts output one-for-one with its natural level will achieve a “divine coincidence” under which

the inflation and output gaps are simultaneously closed. As a result, we view the canonical model

as an inadequate laboratory for our analysis but recognize that wage rigidities are well known to

overturn its stark prescriptions.4 This makes a model with sticky wages (or more generally with

stickier wages than prices) a more promising laboratory – in addition to offering more realism to the

extent that empirical estimates generally favour higher degrees of wage rigidity than price rigidity.

To get more specific, we model wage rigidity by considering an economy subject to productivity

shocks and assuming that wages are set before observing the current shock, while prices are set

after. This creates potential for wage-price spirals in the sense that wage-setters set wages based

on the prices they expect firms to set, and these wages then become part of the costs that firms

factor into their pricing decisions. This configuration also gives rise to a Phillips curve in which

productivity shocks enter as a residual, and policy-makers will generally have an incentive to look

through these shocks to avoid variation in employment and output.

However, the cost of looking through supply shocks will be that it could lead to a de-anchoring in

inflation expectations, and this brings us to the second of the model’s key ingredients. Here our goal

is to understand how outcomes and optimal policy are shaped by the degree of sophistication with

which agents form expectations – especially with regard to the way that they account for the central

bank’s announced policies in their inflation expectations. To do so, we rely on level-k thinking

(LKT), which is a form of bounded rationality that, as we detail below, enjoys significant support

in the experimental literature and has recently been applied to a range of topics in macroeconomics.

We specifically model LKT in such a way that expectations are adaptive at level k = 0, while the

“maximum sophistication” limit k → ∞ corresponds to the case of rational expectations, where

agents can fully account for the effects of monetary policy. In contrast, intermediate values of

k lead to a situation where agents’ expectations are based on a combination of backward- and

forward-looking elements, with the latter reflecting an imperfect understanding of the way that

monetary policy impacts the economy.

With these ingredients in place, we examine how monetary policy should respond to supply

3In the model, supply shocks are specifically assumed to take the form of productivity shocks, but these can be
interpreted as subsuming a range of potential supply shocks. For example, in the Appendix, we establish a formal
equivalence between productivity shocks and oil price shocks in the context of a small, oil-importing economy.

4This is an example of how models with sticky prices and sticky wages often deliver similar prescriptions with
regard to the management of demand shocks, but can differ considerably in the case of supply shocks.
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shocks when policy-makers aim to minimize a loss function that penalizes deviations of inflation

from target and employment from its natural level. To set the stage, we first show that under

rational expectations (RE), it is optimal for central banks to fully look through supply shocks. In

contrast, the optimal policy under adaptive expectations (AE) is generally tighter but involves a

constant degree of “look-through” in the precise sense that the rate at which policy-makers make

trade-offs between the inflation and employment gaps never changes over time.

Our main analysis focuses on the intermediate case where agents form expectations under LKT.

In this case, the optimal policy that emerges is qualitatively very different from those emerging

under RE and AE. In particular, one of our main results is to identify conditions under which the

optimal policy under LKT involves a type of “pivoting” behaviour in the sense that policy-makers

initially opt to mostly look through supply shocks, but then switch suddenly to a very aggressive

policy response if shocks cumulate beyond some threshold level.

These abrupt pivots occur because LKT gives rise to a non-convexity in the central bank’s loss

function. The context for this non-convexity is that the employment impacts of policy tightening

work through two off-setting channels in the model economy: (i) a “direct” channel whereby tighter

policy reduces economic activity at a given level of private-sector expectations; and (ii) an “indirect”

channel whereby tighter policy helps to re-anchor inflation expectations, thus reducing the amount

of actual economic slack that policy-makers have to engineer to stabilize realized inflation. All else

equal, the indirect channel will tend to be stronger during periods when the economy has recently

experienced large inflation overshoots, since in this case expectations will already be elevated due

to the backward-looking elements on which they are partially based under LKT. However, it is

also possible for the indirect channel to get stronger as policy-makers tighten, since we find that a

key property of private-sector expectations under LKT is that they are more sensitive to changes

in monetary policy if policy is already tight to begin with.5 This is the underlying source of non-

convexity, and it contributes to a situation where there are benefits to tightening by a sufficiently

wide margin, but doing so only after the economy has experienced sufficiently large overshoots.

Another key result is that with the direct and indirect channels above both in play, pivots need

not be associated with hard landings in the sense of triggering large contractions. In particular,

if the indirect channel is strong enough, then pivots could help to re-anchor expectations without

requiring a significant amount of slack. In this respect, we highlight a special case where the two

5In the Appendix, we show that this key property also holds under models of bounded rationality involving
reflective expectations (Garćıa-Schmidt and Woodford, 2019) and cognitive hierarchies (Camerer et al., 2004).
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channels offset one another exactly in expectation, implying that pivots have no impact on the

expected level of employment. Outside this special case, we also find that expected impacts on

employment are consistently small in numerical exercises. In this sense, the model predicts that

optimally-executed pivots should be compatible with soft landings, at least in expectation.

However, this is not to say that pivots are costless, since they also increase the variance of

employment by making monetary policy more responsive to supply shocks. As a result, pivots are

risky and involve accepting some probability that poor draws of the supply shock could lead to hard

landings. In simulations, we further show that the costs of mis-timing pivots can be substantial, as

can the costs of attempting to achieve similar degrees of tightening in more gradual ways.

Three points regarding our approach and results are in order at this stage. First, to make

maximal use of the LKT framework as a way of exploring the risk of de-anchoring, our approach

downplays the intertemporal coordination frictions that typically arise in NK models due to stag-

gered price- and wage-setting, instead putting the focus on intratemporal coordination frictions. In

particular, we assume that prices and wages reset each period, though in the case of wages this

occurs before agents have an opportunity to observe the current productivity shock. As a result,

the key coordination issue in our model is that wage-setters have to form expectations on prices,

which will then be set by firms following a mark-up rule that partly depends on the average wage.

Wage-setters are thus effectively forced to forecast each other’s expectations. This gives rise to a

static coordination game to which LKT can readily be applied and within which monetary policy

serves as a coordination mechanism for nominal choices.

Second, in order to focus on the policy dilemmas presented by supply shocks, we mostly dis-

regard the role of demand shocks in our analysis. We adopt this focus not to be dismissive of the

likelihood that demand forces played an important role in the recent inflation surges experienced

in many countries. Rather, the choice reflects the fact that our approach has nothing novel to

contribute regarding the demand side of the economy. Accordingly, one should view our results as

describing the optimal adjustments that supply shocks dictate, over and above the central bank’s

underlying response to demand shocks. We discuss and formalize this interpretation in Section 6.

Third, it is important to bear in mind that the issue of how to respond to supply-driven inflation

shocks is not unique to recent times, nor to industrial countries. Arguably, the question is of even

greater importance in emerging economies, where food and fuel expenditures comprise a much

larger share of consumption expenditure. Given that food and energy prices are volatile and often

driven by local or global supply shocks, inflation management becomes a much trickier exercise for

7



central banks in these countries. Questions related to whether a central bank should look through

or react to inflation movements that are driven by supply-side developments are thus recurrent and

highly germane in emerging economies.6

Our work connects with four distinct but related strands of the literature. The first two of these

strands are the voluminous literature on NK macroeconomic models and the nascent literature

on the recent global inflation episode. Comprehensive summaries of the former can be found in

Gaĺı (2015) and Woodford (2004), amongst many others, while Reis (2022) provides an excellent

overview of the various hypotheses regarding the recent episode, the role of the inflation anchor

and the associated challenges for central banks.

Another related literature focuses on bounded rationality, LKT, and their implications for

macroeconomics. In experimental game theory, an extensive body of laboratory experiments offer

evidence for LKT, with most estimates pointing to low k values that place agents far from the

RE benchmark (among many others, see Arad and Rubinstein, 2012; Costa-Gomes et al., 2013;

Kneeland, 2015). Moreover, LKT and the closely related concept of “reflective expectations” have

now been applied to a wide range of macroeconomic questions in both monetary contexts (e.g.,

Farhi and Werning, 2019; Garćıa-Schmidt and Woodford, 2019; Iovino and Sergeyev, 2023) and

fiscal ones (Bianchi Vimercati, Eichenbaum, and Guerriro, 2021).7

Finally, our findings regarding soft landings connect with the literature on factors that con-

tribute to successful disinflations (e.g., Hazell et al., 2022; Sargent, 1982). Within this literature, a

common theme is that effective expectation management can make it possible for disinflations to

occur faster than slack measures would suggest,8 with the expectational mechanisms commonly em-

phasized having to do with perceptions around the long-term credibility of policy-makers. Though

such mechanisms clearly contributed to past disinflations, their applicability to the recent episode

is less clear given that long-run inflation expectations were relatively stable over this episode. In

this sense, one of our contributions is to show how LKT gives rise to a complementary mechanism

for how disinflations can be achieved without large shifts in both slack and long-term expectations.9

6As noted in a previous footnote, the productivity shocks on which the model focuses can be interpreted as the
mirror image of oil price shocks, which are one of the more volatile and frequent shocks hitting both emerging and
advanced economies. See the Appendix for details.

7In the Appendix, we confirm that our main results hold under reflective expectations and also do so under the
“cognitive hierarchy” framework proposed by Camerer et al. (2004).

8See also Reis (2021) on this issue.
9Our paper is also related to some recent work by Lorenzoni and Werning (2023), who study the phenomenon

of wage-price spirals in a general setting and explore implications for policy. One way in which our work is distinct
from theirs is that we focus on an environment with boundedly rational agents.
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The rest of the paper is organized as follows. Section 2 presents the model, while Section 3

formalizes the optimal policy problem and presents special cases of the problem that can be solved

analytically. Section 4 presents the full dynamic policy problem and numerical simulations of

the optimal policy. Section 5 explores the consequences of policy errors, while Section 6 discusses

demand shocks. Section 7 then elaborates on the model’s interpretation of the recent inflation surge,

while Section 8 concludes. An appendix collects most of our proofs, along with some additional

material.

2 The environment

Consider a closed economy in which the key players are: (i) a set of households that supply

labour services on a monopolistically competitive basis; (ii) a set of firms that supply goods on a

monopolistically competitive basis; and (iii) a central bank that sets monetary policy with an eye

toward minimizing an ad-hoc loss function.

As we want to examine an environment were looking through supply shocks can be warranted, we

focus on a setup with wage rigidity but no price rigidity. In particular, to make results transparent,

we consider an environment where wages are rigid for one period in advance. The absence of multi-

period nominal rigidities will allow us to highlight the cross-sectional coordination problems that

arise among price- and wage-setters at each point in time. In this sense, the model can be seen as

being close in spirit to the seminal work of Blanchard and Kiyotaki (1987).

Before we turn to the model’s components, it is important to note that expectation operators

should not be assumed to be rational unless this is specifically indicated, since our ultimate goal is

to understand the policy implications of different expectation formation processes. To be as clear as

possible in this area, we will attach superscripts to all expectations to convey relevant information

about whose expectations they represent, or how they are being formed.

2.1 Firms

We assume a two-stage production process, with distinct final and intermediate goods. The details

on each stage are as follows.
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2.1.1 Final good producers

Final goods are produced from a unit measure of intermediate goods using a technology of the form

Yt =

(∫ 1

0
Y

γ−1
γ

ft df

) γ
γ−1

,

where Yt denotes output of final goods; Yft denotes purchases of intermediate good f ∈ [0, 1]; and

γ > 1 denotes the elasticity of substitution among intermediate goods. Assuming that final goods

producers are perfectly competitive and make zero profits, their demand for intermediate good f

is then given by

Yft = Yt

(
Pft

Pt

)−γ

, (2.1)

where

Pt ≡
(∫ 1

0
P 1−γ
ft df

) 1
1−γ

measures the aggregate price level.

2.1.2 Intermediate good producers

Each intermediate good is generated from a unit measure of labour services using a technology of

the form

Yft = θt

(∫ 1

0
N

ρ−1
ρ

sft ds

) ρ
ρ−1

,

where Nsft denotes hiring of service s ∈ [0, 1]; ρ > 1 denotes the elasticity of substitution among

services; and θt denotes an aggregate productivity level, which we assume to be stochastic and the

only source of randomness in the economy. While the particular form of the process governing θt

is not critical to our results, it will sometimes be convenient to assume that θt follows a random

walk in logarithms – specifically,

ln θt = ln θt−1 + ϵt,

where ϵt is an i.i.d. normal shock with mean zero and variance σ2
θ .

We assume that intermediate good producers take wages as given but set their own prices on a

monopolistically competitive basis. As a result of the wage-taking assumption, a given producer’s
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demand for labour service s is given by

Nsft =

(
Yft
θt

)(
Wst

Wt

)−ρ

,

where

Wt ≡
(∫ 1

0
W 1−ρ

st ds

) 1
1−ρ

(2.2)

measures the aggregate wage level. The producer’s implied profits are in turn given by

PftYft −
∫ 1

0
WstNsftds =

(
Pft −

Wt

θt

)
Yft. (2.3)

Turning to the pricing behaviour of intermediate good producers, our key assumption here is

that prices are flexible in the sense that firms can adjust them every period and do so after observing

the current level of productivity. As a result, the optimization problem facing a given firm involves

choosing (Yft, Pft) to maximize the profit function on line 2.3, subject to the demand curve on

line 2.1. This leads to a standard mark-up rule of the form

Pft =
γ

γ − 1

Wt

θt
, (2.4)

implying an inverse relationship between prices and productivity that will carry over to an inverse

relationship between productivity and inflation at the aggregate level. Another corollary of this

mark-up rule is that all intermediate good producers behave identically in the sense that (Pft, Yft) =

(Pt, Yt) ∀f ∈ [0, 1], so overall demand for labour service s is given by

∫ 1

0

(
Yft
θt

)(
Wst

Wt

)−ρ

df =

(
Yt
θt

)(
Wst

Wt

)−ρ

. (2.5)

2.2 Households

We assume a unit measure of households, which are indexed by h ∈ [0, 1] and each supply a range

of labour services. A given household’s utility is given by

EHH(h)
t

[ ∞∑
τ=0

βτ

(
lnCh,t+τ − η

∫ 1

0
Ñs,h,t+τds

)]
, (2.6)
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where EHH(h)
t (·) denotes the expectations of the particular household in question; β ∈ (0, 1) is a

discount factor; η > 0 is a parameter scaling the disutility of labour; Cht denotes the household’s

consumption; and Ñsht denotes the total hours of work that the household supplies under labour

service s. The tilde above this last variable is thus meant to distinguish a “supply-side” labour

quantity from the “demand-side” quantities considered in our characterization of firms’ behaviour,

and this notational convention will be maintained throughout the remainder of this section.

When optimizing, households face a sequence of budget constraints of the form

∫ 1

0
WstÑshtds+Dt + Tt +Bh,t−1 = PtCht +

Bht

1 + it
, (2.7)

where Dt denotes dividends received from firms (which are assumed to be distributed equally across

households); Tt denotes transfers received from the government (which are distributed on a similar

basis); Bht denotes the face value of the household’s purchases of risk-free, one-period bonds; and

it denotes the nominal interest rate on those bonds.

We assume that supply decisions for each labour service are made by service-specific unions,

while the household’s overall consumption-saving decision is delegated to a household head. The

details on these decisions are as follows.

2.2.1 Consumption-saving decision

The consumption-saving decision is assumed to take place after observing the current level of

productivity in the economy. This leads to an Euler equation of the form

βEHH(h)
t

(
Cht

Ch,t+1

1 + it
Pt+1/Pt

)
= 1, (2.8)

where the subscript in the expectation EHH(h)
t (·) indicates that the current productivity level θt is

part of the information set to which the household head had access when forming this expectation.

2.2.2 Labour-supply decision

Turning to labour unions, we assume that they set the wages for their respective services on a

monopolistically competitive basis, taking as given the behaviour of all other unions, along with

that of household heads. Unlike our treatment of prices, we also assume a modest degree of wage

stickiness in the sense that unions can adjust their wages every period but must do so before
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observing the current level of productivity.

For the union representing a given service s ∈ [0, 1], the relevant program involves choosing

a nominal wage rate Wst, which the labour demand curve on line 2.5 will then associate with a

certain number of hours Ñst to be worked by each of the union’s members – i.e., Ñhst = Ñst =

(Yt/θt)(Wst/Wt)
−ρ ∀h ∈ [0, 1]. When making this decision, the union is assumed to value wages

and the disutility of labour based on the marginal preferences of its members. This leads to an

objective of the form

EWS(s)
t−1

(
WstÑst

∫ 1

0

1

PtCht
dh− ηÑst

)
, (2.9)

where EWS(s)
t−1 (·) denotes the expectation of the union setting wages for service s, conditional on an

information set that excludes θt; and the integral
∫ 1
0 [1/(PtCht)]dh measures the average household’s

marginal utility of nominal income. The implied wage-setting rule can then be written as

Wst =
ρη

ρ− 1

EWS(s)
t−1

(
Yt
θt

)
EWS(s)
t−1

(
Yt
θt

∫ 1
0

1
PtCht

dh
) . (2.10)

The expectations on the right-hand side of this last expression will be key objects in our analysis,

and we will entertain a range of assumptions on how they are formed. However, a key feature

common to all of the models of expectation formation that will be considered in the main text

is that they each predict that all wage-setters should share common, though potentially incorrect,

expectations on all aggregate outcomes in the economy10 – i.e., EWS(s)
t−1 (Xt) = EWS(s̃)

t−1 (Xt) for an

arbitrary aggregate variable Xt and any pair of wage-setters (s, s̃) ∈ [0, 1]2. Given the form of the

expectations on the right-hand side of line 2.10, this implies that all wage-setters should behave

identically in the sense of selecting a common wage rate – i.e., Wst = Wt ∀s ∈ [0, 1]. This allows

us to re-express the wage-setting condition on line 2.10 in terms of the aggregate wage rate and a

set of common expectations EWS
t−1 (·) that describe the subjective beliefs of all wage-setters in the

economy:

Wt =
ρη

ρ− 1

EWS
t−1

(
Yt
θt

)
EWS
t−1

(
Yt
θt

∫ 1
0

1
PtCht

dh
) . (2.11)

10At the same time, we stress that common expectations are not critical to our results. For example, we show
in the Appendix that our main results carry over to a version of the model in which we allow for heterogeneity in
wage-setters’ expectations using the “cognitive hierarchy” framework of Camerer et al. (2004).
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2.3 Phillips and IS curves

Before turning to the model’s policy side, it is now convenient to derive the Phillips and IS curves

associated with the private-sector outcomes above. As a first step, we also solve for the “natural”

levels of output and employment that would prevail in a counterfactual economy with flexible wages.

2.3.1 A symmetric, flexible-wage benchmark

Consider a counterfactual economy in which wages are flexible in the sense of being set after

observing the current level of productivity, and in which consumption is equally distributed across

households. This is equivalent to replacing expectation operators with identity maps on the right-

hand side of the wage-setting condition on line 2.11, while also setting Cht = Yt ∀h ∈ [0, 1]. This

leads to a new, flexible wage-setting condition of the form

Wt =
ρη

ρ− 1
PtYt.

At the same time, the mark-up rule on line 2.4 can be written as follows after multiplying both

sides by total output and defining Nt ≡ Yt/θt:

PtYt =
γ

γ − 1
WtNt.

Combining these last two expressions then allows us to pin down the natural level of employment:

Nt =
ρ− 1

ρη

γ − 1

γ
≡ N̄.

The natural level of employment is thus constant and intuitively decreasing in the disutility of

labour, as well as the degrees of monopoly distortion assumed in the goods and labour markets.

The implied level of potential output is Ȳt ≡ θtN̄ .

2.3.2 Phillips curve

We now turn our attention back to the “true” wage-setting condition on line 2.11. By combining

this expression with the mark-up rule on line 2.4 and then linearizing around the symmetric,

flexible-wage benchmark derived above, we reach a Phillips curve of the form

π̂t = EWS
t−1 (N̂t) + EWS

t−1 (π̂t)− θ̂t, (2.12)
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where π̂t ≡ lnPt − lnPt−1 − π∗ denotes the deviation of inflation from some target value π∗;

N̂t ≡ lnNt − ln N̄ denotes the employment gap; and θ̂t ≡ ln θt − EWS
t−1 (ln θt) can be interpreted as

a supply shock.

Some important features of this Phillips curve should be noted. The first is that the residual

in equation 2.12 is a “true” supply shock rather than a mark-up shock. This is a key dimension

in which this Phillips curve differs from the canonical NK Phillips curve and is a consequence of

our focus on wage rigidities; had we instead assumed sticky prices but flexible wages, then it can

easily be confirmed that this term would not appear in the Phillips curve. At the same time, the

fact that the expression on line 2.12 can be derived without taking a specific stand on the way that

wage-setters form their expectations is a consequence of our focusing on a setting where nominal

frictions arise from a Lucas (1972)-style assumption that wages are set one period in advance. As

explained in Preston (2005), this is a convenient property of Lucas-style nominal rigidities, whereas

the Calvo (1983)-style rigidities typically assumed in the NK literature make the precise form of the

implied supply curve more sensitive to the details of how private-sector expectations are formed.

2.3.3 IS curve

Turning to the model’s demand side, the same arguments presented in Preston (2005) make it

difficult to derive a single IS curve that holds across a range of potential choices on the way that

one could specify the household expectations entering into the Euler equation on line 2.8. As a

result, we pursue a two-pronged strategy under which we: (i) first focus on the standard case where

household expectations are fully rational for the purposes of the main text; then (ii) use Section B of

the Appendix to show how our results generalize to a broader range of expectational assumptions.

For the purposes of the main text, this leads to a standard IS curve of the following form after

linearizing equation (2.8) and accounting for market clearing:

N̂t = ERE
t (N̂t+1)− [̂ıt − ERE

t (π̂t+1)], (2.13)

where ERE
t (·) denotes a rational expectation; and ı̂t ≡ it − (π∗ − lnβ) denotes the deviation of the

nominal rate from its steady-state value. However, we stress from the outset that the particular

assumptions made with regard to household expectations have no bearing on our main results (and

will shortly expand on this point in Subsection 2.5).
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2.4 Monetary and fiscal policy

We now close the model by specifying the behaviour of the central bank and fiscal authority. The

details on each are as follows.

2.4.1 Central bank

On the monetary policy side, we could immediately specify an interest rate rule and later optimize

on the parameters in that rule. However, it will be more convenient to think of the central bank as

directly controlling the level of employment and setting it as a (potentially time-varying) function

of the prevailing rate of inflation.

This will involve a feedback rule of the form

N̂t = −ϕtπ̂t, (2.14)

where ϕt is a policy stance reflecting the rate at which policy-makers are prepared to tighten in

response to off-target inflation. As we detail in our next section, policy-makers are assumed to

update this policy stance each period, announcing its new value before observing the current level

of productivity, and doing so with an eye toward minimizing an ad-hoc loss function. By allowing

for time variation in the policy stance and the implied level of feedback from π̂t to N̂t, an approach

along these lines will ultimately enable us to identify the conditions under which policy-makers find

it optimal to “pivot” in the sense of shifting from low values of ϕt at which they do not respond

much to inflation to high values associated with much stronger reactions.

One way to interpret the feedback rule above is by forward-solving the IS curve – i.e.,

N̂t = −ERE
t

[ ∞∑
τ=0

(̂ıt+τ − π̂t+τ+1)

]
.

This equation allows us to express the current employment gap as a negative function of the

cumulative sum of all expected future deviations of the real interest rate from its steady-state

value. As a result, this cumulative sum can be viewed as a measure of the total stimulus being

provided by monetary policy, and equation (2.14) can then be interpreted as the product of a rule

according to which policy-makers adjust this measure of stimulus as a time-varying function of the
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prevailing inflation rate – that is,

ϕtπ̂t = ERE
t

[ ∞∑
τ=0

(̂ıt+τ − π̂t+τ+1)

]
. (2.15)

Given the importance that real-world policy-makers place on communicating a policy stance that

goes beyond the current value of the policy rate, an interpretation along these lines can be viewed

as more realistic and encompassing relative to more standard policy rules.

2.4.2 Fiscal authority

Turning finally to fiscal policy, we assume for concreteness that the government operates a balanced

budget each period and keeps bonds in zero net supply. However, none of these assumptions are

essential to our results, which go through for a wide range of Ricardian fiscal policies.

2.5 Summary of equilibrium conditions

To summarize, the model’s key variables are the inflation gap π̂t, employment gap N̂t, nominal rate

gap ı̂t, and policy stance ϕt. In equilibrium, these four unknowns are jointly pinned down by the

Phillips and IS curves on lines 2.12 and 2.13, the policy feedback rule on line 2.14, and the solution

to a policy problem on which we elaborate in the next section.

A key property of this system is that the model can be solved recursively in the sense that one

can first solve for (π̂t, N̂t, ϕt) independent of the IS curve, then use the IS curve to back out a value

for ı̂t. This is the approach that we take below, and it importantly makes all of our main results

independent of the details of the IS curve, including the way that households are assumed to form

expectations at the time they make their consumption-saving decisions. Instead, the key private-

sector expectations in our analysis will be those of wage-setters, and much of our attention will be

on how these are influenced by monetary policy under different models of expectation formation.

3 Expectations and optimal policy

We now consider the design of optimal monetary policy in the model economy, and how it is shaped

by different assumptions on the expectation formation process in the private sector. However, be-

fore tackling these issues, it will be useful to lay out the theories of expectation formation that we

will consider and the outcomes to which they would lead for arbitrary values of the policy stance

17



ϕt. Several additional models of expectations formation are considered in the Appendix, includ-

ing models involving hybrid Phillips curve, econometric learning, and various forms of bounded

rationality beyond LKT.

3.1 Expectations

3.1.1 Rational expectations (RE)

If we assume that wage-setters’ expectations are rational, then taking (t − 1)-dated expectations

on both sides of the Phillips curve on line 2.12 gives EWS
t−1 (N̂t) = 0. Combining this result with the

feedback rule on line 2.14 then further yields EWS
t−1 (π̂t) = 0 so long that ϕt > 0. Substituting these

results back into equations (2.12) and (2.14), we see that

(π̂t, N̂t) = (−θ̂t, ϕtθ̂t),

so inflation collapses to an i.i.d. process and lies above (below) its target value whenever the supply

shock is negative (positive). Any ϕt > 0 thus suffices to fully anchor inflation expectations at target,

and employment is also fully stabilized in the limit ϕt → 0.

3.1.2 Adaptive expectations (AE)

For this case, we consider the simplest possible version of adaptive expectations, with

[EWS
t−1 (π̂t),EWS

t−1 (N̂t)] = (π̂t−1, N̂t−1). (3.16)

Under this assumption, the inflation and employment gaps are respectively given by the following:

π̂t = N̂t−1 + π̂t−1 − θ̂t

N̂t = −ϕt(N̂t−1 + π̂t−1 − θ̂t).

As a result, inflation collapses to a random walk in the special case where policy-makers opt to

fully look through inflation pressures in the sense of setting ϕt = 0. Contrasting this result with the

rational case above illustrates how the mapping between policy and inflation outcomes can vary

drastically depending on the nature of private-sector expectations.11

11Given such a stark contrast with the fully rational case, it is natural to explore several potential extensions of
this simple adaptive benchmark. In this respect, Section E of the Appendix focuses on an extension where a mix
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3.1.3 Level-k thinking (LKT)

Turning finally to LKT, our goal here is to consider a more general framework for expectation

formation that can accommodate RE and AE within a broader range of possibilities. LKT provides

one such framework.

To motivate LKT, it is useful to note from the wage-setting condition on line 2.10 that wage-

setters in this economy face an important coordination problem. This is because they each need

to forecast aggregate outcomes that depend on the choices of all other wage-setters via the aggre-

gate wage Wt entering into firms’ mark-up rule. As a result, each wage-setter must “forecast the

forecasts” of all other wage-setters.

Under LKT, “mutual forecasting” problems of this sort are formalized as iterative processes.

At the first stage k̃ = 1, agents posit some initial guess on the expectations of all other agents and

compute the aggregate outcomes that would emerge in this case. At the next stage k̃ = 2, the

guess on others’ expectations is updated to reflect the aggregate outcomes implied by the previous

guess and used as the initial guess of a new iteration. This process is then repeated up to some

finite k̃ = k, with each iteration thus accounting for a new layer of higher-order expectations. The

restriction to a finite number of iterations reflects some bounded computing power on the part of

individual agents on account of limited resources or capacity for forecasting others’ behaviour.

In the case of our model economy, the first stage of this process involves positing some initial

(level-zero) guesses [E0
t−1(π̂t),E0

t−1(N̂t)], which are then updated via the Phillips curve and the

central bank’s feedback rule – i.e.,

E1
t−1(π̂t) = E0

t−1(N̂t) + E0
t−1(π̂t)

E1
t−1(N̂t) = −ϕt[E0

t−1(N̂t) + E0
t−1(π̂t)],

where we have assumed that LKT has no impact on agents’ expectations on purely exogenous

variables, so E0
t−1(θ̂t) = E1

t−1(θ̂t) = 0. Iterating on this recursion up to the final level k then yields

expectations of the following form:

Ek
t−1(π̂t) = (1− ϕt)

k−1[E0
t−1(N̂t) + E0

t−1(π̂t)] (3.17)

Ek
t−1(N̂t) = −ϕt(1− ϕt)

k−1[E0
t−1(N̂t) + E0

t−1(π̂t)]. (3.18)

of adaptive and rational wage-setters give rise to a hybrid Phillips curve. On the other hand, Section F shows how
our results generalize to cases where we replace the simple backward-looking expectations on line 3.16 with more
sophisticated backward-looking rules that embody various forms of econometric learning.
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Throughout the main text, we will assume that the initial guesses seeding this process take

the form E0
t−1(π̂t) = π̂t−1 and E0

t−1(N̂t) = N̂t−1 – i.e., agents use a simple adaptive benchmark as

the starting point for their reasoning.12 Under this assumption, feeding the final, level-k expecta-

tions above into the model’s “true” Phillips curve and feedback rule leaves us with the following

equilibrium system:

π̂t = (1− ϕt)
k(N̂t−1 + π̂t−1)− θ̂t

N̂t = −ϕt[(1− ϕt)
k(N̂t−1 + π̂t−1)− θ̂t].

Comparing this system with the equilibrium system that was shown to emerge under AE, we

see that the two coincide when k = 0. On the other hand, when k goes to infinity, the system

collapses to (π̂t, N̂t) = (−θ̂t, ϕtθ̂t) so long that ϕt ∈ (0, 1], and we thus recover the RE solution that

we described earlier. In these senses, LKT can be viewed as nesting AE and RE as opposite ends

of a common iterative spectrum.13

3.2 Optimal policy

We now turn our attention to the policy problem that the central bank faces when selecting the

policy stance ϕt. Here we assume that policy-makers announce their stance before observing the

current productivity level θt and do so with eye toward minimizing an ad-hoc, quadratic loss

function of the form14

ERE
t−1

[ ∞∑
τ=0

βτ
CB

(
π̂2
t+τ + µN̂2

t+τ

)]
, (3.19)

where βCB ∈ [0, 1) is a discount factor that may differ from that of the private sector; µ > 0 is a

parameter reflecting policy-makers’ relative weight on employment stabilization; and the rational

12See Sections F and G in the Appendix for robustness checks exploring a range of potential alternative choices
on agents’ initial guesses.

13We note here that a key property of LKT is that each wage-setter’s inflation expectation will generally fail to coin-

cide with their expectation of the inflation expectations of all other wage-setters – i.e., EWS(s)
t−1 (π̂t) ̸= EWS(s)

t−1 [EWS
t−1(π̂t)],

where EWS
t−1(π̂t) ≡

∫ 1

0
EWS(s̃)

t−1 (π̂t)ds̃ denotes the average expectation in the economy. This discrepancy arises because
each wage-setter believes that they are more sophisticated than all other wage-setters under LKT. A key advantage
of LKT is that it offers a simple, tractable way to capture such tensions in agents’ expectations relative to many
alternative models of higher-order expectations.

14By “ad-hoc”, we mean that the loss function being optimized has not been derived from the model’s underlying
welfare function. Our interest in a loss function that penalizes the squared inflation and employment gaps instead
stems from the fact that such functions provide a natural (and commonly used) way to capture the fact that real-
world central banks place weight on both price stability and stabilization of the real economy, whether the latter is
formalized as part of an explicit dual mandate or simply treated as a secondary objective in the context of a flexible
inflation targeting framework.
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expectation ERE
t−1(·) reflects our assumption that policy-makers are not subject to the expectational

frictions that may arise in the private sector. The optimization is subject to the Phillips curve on

line 2.12 and feedback rule on line 2.14 and thus implicitly assumes that the monetary authority can

credibly commit to carrying out the policy actions prescribed by ϕt even if it may not be optimal

to do so once θ̂t has been revealed.15

This problem can be simplified by defining xt ≡ π̂t + N̂t as a measure of the total overheating

that the economy experiences in a given period. In this case, the policy problem collapses to

choosing ϕt to minimize

ERE
t−1

[ ∞∑
τ=0

βτ
CB(1 + µϕ2

t+τ )
[
(1− ϕt+τ )

2kx2t+τ−1 + σ2
θ

]]
, (3.20)

subject to the following law of motion for the overheating measure:

xt = (1− ϕt)[(1− ϕt)
kxt−1 − θ̂t]. (3.21)

With this simplified policy problem in hand, we will now characterize policy-makers’ optimal

choice on ϕt under RE (k → ∞), AE (k = 0), and LKT (k ∈ {1, 2, . . .}).

3.2.1 Optimal policy under RE (k → ∞)

For any sequence of positive policy stances, the loss function under RE reads as

ERE
t−1

[ ∞∑
τ=0

βτ
CB(1 + µϕ2

t+τ )σ
2
θ

]
,

while the law of motion for the overheating measure reads as xt = −(1− ϕt)θ̂t.

With losses thus independent of xt and strictly increasing in ϕ2
t , it is clearly optimal for the

central bank to make the latter as small as possible. However, since uniqueness issues arise when

ϕt = 0 exactly,16 we interpret the RE economy as one in which it is optimal for policy-makers to set

ϕt at a positive but “vanishingly low” level, and stress that this leads to full anchoring of inflation

15Note that the realized values of inflation, employment, and the supply shock are all assumed to be revealed to
policymakers and the private sector at the end of a given period, so policymakers’ commitment to ϕt can immediately
be verified ex-post – potentially allowing the central bank to build up credibility over time.

16Another way to see the uniqueness issues that arise under RE when ϕt = 0 is that in this case the nominal rate
setting consistent with the central bank’s preferred “zero gaps” equilibrium would be constant at ı̂t = 0, but merely
announcing this would lead to indeterminacy. When ϕt = 0, these issues could be overcome by supplementing the
policy feedback rule with additional information regarding the central bank’s intended off-equilibrium behaviour.
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expectations while keeping the variance of employment also vanishingly low.

In this sense, RE effectively allows the central bank to fully look through any deviations of

inflation from target when setting monetary policy. Intuitively, this reflects the fact that rational

agents fully understand that all deviations from the inflation target are transient for even vanish-

ingly positive values of ϕt, so their inflation expectations are always anchored at target – even if

the economy has recently experienced a long sequence of negative supply shocks. Put differently,

even a very weak commitment to keeping inflation at target is enough to keep expected inflation at

target when the private sector is fully rational.

3.2.2 Optimal policy under AE (k = 0)

Under AE, the policy problem can be represented as a Bellman equation of the form

V (xt−1) = min
ϕt

{
(1 + µϕ2

t )
(
x2t−1 + σ2

θ

)
+ βCBE

RE
t−1 [V (xt)]

}
,

where the minimization is subject to the following law of motion for the overheating measure:

xt = (1− ϕt)(xt−1 − θ̂t).

We solve this problem using a guess-and-verify approach. Specifically, we conjecture a value

function of the form V (x) = a1x
2 + a2σ

2
θ . This leads to a solution of the following form:

ϕt =
βCBa1

µ+ βCBa1

a2 =
1 + µϕ2

t + βCBa1(1− ϕt)
2

1− βCB
,

where a1 corresponds to the unique positive solution of the following equation:

a1 = 1 +
µβCBa1

µ+ βCBa1
.

Several features of this solution are noteworthy. First, as under RE, the optimal policy involves

a constant stance and thus precludes any pivoting. Moreover, in the special case of a myopic central

bank with βCB = 0, it is optimal for policy-makers to fully look through supply shocks in the sense

of setting ϕt = 0, much as under the RE case. In contrast, a forward-looking central bank will

opt for a more hawkish policy under which ϕt > 0. This last result reflects the fact that policy-

makers cannot influence the private sector’s contemporaneous expectations under AE, but they can
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influence the expectations that agents will carry into future periods, and a forward-looking central

bank will find it optimal to exploit this channel to at least some extent.

3.2.3 Optimal policy under LKT (k ∈ {1, 2, . . .})

Under LKT, the policy problem does not admit a closed-form solution, nor easy qualitative char-

acterizations. As a result, we will proceed in two steps. First, we will use the remainder of this

section to examine the policy problem when the central bank is assumed to be myopic in the sense

that βCB = 0. Although this is a special case, it will allow us to derive several important features

of policy-makers’ optimal choice on ϕt when viewed as a function of key parameters and the state

variable xt−1. In the following section, we then turn our attention to the case of a forward-looking

central bank with βCB > 0. This involves solving the full dynamic version of the policy problem

using numerical methods and will allow us to establish the robustness of the qualitative results

derived under the myopic special case.

To understand why it is difficult to solve the policy problem even in the myopic case, it is useful

to decompose the central bank’s expected losses in a given period as follows:

(1 + µϕ2
t )
[
(1− ϕt)

2kx2t−1 + σ2
θ

]
=

=ERE
t−1(π̂

2
t )︷ ︸︸ ︷

(1− ϕt)
2kx2t−1 + σ2

θ +µϕ2
t (1− ϕt)

2kx2t−1 + µϕ2
tσ

2
θ︸ ︷︷ ︸

=µERE
t−1(N̂

2
t )

. (3.22)

Since the solution for private-sector expectations on lines 3.17 and 3.18 implies that EWS
t−1 (xt) =

(1 − ϕt)
kxt−1, the term (1 − ϕt)

2kx2t−1 in the decomposition above can be interpreted as the cost

of inflation gaps driven by poor anchoring of private-sector expectations, while the term σ2
θ can

be interpreted as the cost of inflation gaps driven by supply shocks. By extension, the term

µϕ2
t (1−ϕt)

2kx2t−1 can be interpreted as the employment cost of central bank tightening in response

to inflation gaps driven by poor anchoring, while the final term µϕ2
tσ

2
θ can be interpreted as the

employment cost of tightening in response to inflation gaps driven by supply shocks.

As we illustrate in Figure 1, this decomposition is useful because it identifies the “cross-term”

µϕ2
t (1− ϕt)

2kx2t−1 as the only obstacle to a simple solution, since suppressing this term would lead

to a situation where total expected losses are a single-troughed function of the policy stance. In

contrast, the cross-term itself is hump-shaped as a function of the policy stance, since the costs that

it captures are best mitigated either by setting ϕt very low (and thus committing not to tighten

much in the first place), or by setting ϕt very high (and thus ensuring that expectations are very
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Figure 1: Decomposition of the central bank’s expected losses

Notes. The left-hand panel breaks the decomposition on line 3.22 into three components, while the right-
hand panel sums these components in various combinations. The specific values assumed in the panels
are (µ, k, x2

t−1/σ
2
θ) = (10, 1, 7.5).

well-anchored). In cases where the economy has recently experienced significant overheating (i.e.,

x2t−1 >> 0) and the policy preference parameter µ is sufficiently large, this cross-term can get large

enough to leave a significant signature on the shape of the central bank’s overall losses, leading

to a W -shaped profile along the lines illustrated by the magenta line in the right-hand panel of

Figure 1. At the same time, the red line in the right-hand panel provides some insight into the

role that LKT plays in shaping the central bank’s losses, namely by collecting the terms associated

with poor anchoring (both of which would fall to zero in the rational limit k → ∞).

With the central bank’s expected losses potentially W-shaped as a function of the policy stance,

a key challenge when solving for optimal policy under LKT will be to account for the possibility

of multiple local extrema. With this challenge in mind, we proceed as follows. Letting L(ϕt, x
2
t−1)

denote the expected losses on line 3.22, the first-order condition for a myopic central bank can be

written as

0.5L1(ϕt, x
2
t−1) = µϕt

[
(1− ϕt)

2kx2t−1 + σ2
θ

]
− k(1− ϕt)

2k−1x2t−1(1 + µϕ2
t ) = 0. (3.23)
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The richness of the policy problem is then immediately evident: even in the simplest case where

k = 1, the first-order condition will be cubic in the policy stance and may thus admit multiple

solutions. In other words, this equation will generally take the form of a correspondence, rather

than a function, when viewed as a mapping from the (squared) overheating measure x2t−1 to the

policy stance ϕt. For these reasons, it will be more convenient to focus on the inverse mapping that

the first-order condition implies from ϕt back to x2t−1, since this mapping will take the form of a

function:
µϕt

(1− ϕt)2k−1
[
k(1 + µϕ2

t )− µϕt(1− ϕt)
] = x2t−1

σ2
θ

. (3.24)

Letting f(ϕt) denote the left-hand side of this expression, most of our analysis will therefore focus

on exploring the shape of the function f(·).

However, before doing so, it is useful to establish some additional restrictions that the optimal

choice on ϕt should respect, apart from satisfying equation (3.24):

Lemma 3.1. The optimal policy stance should satisfy both ϕt ∈ [0, 1] and f ′(ϕt) > 0.

Proof. To place the optimal stance in the unit interval, we note that all ϕt ∈ (1,∞) satisfy

L(ϕt, x
2
t−1) > (1 + µ)σ2

θ = L(1, x2t−1), while all ϕt ∈ (−∞, 0) satisfy L(ϕt, x
2
t−1) > x2t−1 + σ2

θ =

L(0, x2t−1).

To further see that the optimal stance should satisfy f ′(ϕt) > 0, note that equation (3.24) can

only hold at points where the denominator on its left-hand side is positive, which is equivalent to

L12(ϕt, x
2
t−1) < 0. Totally differentiating equations (3.23) and (3.24) around any such point then

yields dϕt/dx
2
t−1 = 1/

[
σ2
θf

′(ϕt)
]
= (−1)L12(ϕt, x

2
t−1)/L11(ϕt, x

2
t−1), so f ′(ϕt) and L11(ϕt, x

2
t−1)

must share a common sign. As a result, the central bank’s second-order condition holds only if

f ′(ϕt) > 0.

With these restrictions in mind, we will now use a pair of lemmata to build up a characterization

of the function f(·), relegating all remaining proofs to the Appendix. As a first step, we define

d(ϕt) as the term in square brackets in the denominator on the left-hand side of equation (3.24)

– i.e., f(ϕt) = µϕt/[(1 − ϕt)
2k−1d(ϕt)]. d(·) is a quadratic function whose behaviour over the unit

interval can be summarized as follows:

Lemma 3.2. If policy-makers’ relative weight on employment is sufficiently low in the sense that
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µ < 4k(1 + k), then d(ϕt) > 0 ∀ϕt ∈ [0, 1]. Otherwise, the function d(·) has two real roots,

ϕd
1 =

1

2(1 + k)
−

√
1

4(1 + k)2
− k

µ(1 + k)
> 0, and

ϕd
2 =

1

2(1 + k)
+

√
1

4(1 + k)2
− k

µ(1 + k)
∈ [ϕd

1, 1),

with d(ϕt) < 0 i.f.f. ϕt ∈ (ϕd
1, ϕ

d
2).

Our next step is to turn our attention to the derivative

f ′(ϕt) =
µk
[
2µ(k + 1)ϕ3

t − 3µϕ2
t + 2(k − 1)ϕt + 1

]
(1− ϕt)2k [d(ϕt)]

2 , (3.25)

which shares its sign with the cubic function in its numerator, n(ϕt) ≡ 2µ(k+1)ϕ3
t − 3µϕ2

t +2(k−

1)ϕt + 1. The key features of this cubic can be summarized as follows:

Lemma 3.3. There exists some µ ∈ (0, 4k(1 + k)) with the following properties:

• If µ < µ, then n(ϕt) > 0 ∀ϕt ∈ [0, 1];

• If instead µ ≥ µ, then the function n(·) has two roots in the unit interval, ϕn
1 > 0 and

ϕn
2 ∈ [ϕn

1 , 1). These roots have the property that n(ϕt) < 0 ∀ϕt ∈ (ϕn
1 , ϕ

n
2 ), with n(ϕt) > 0

∀ϕt ∈ [0, ϕn
1 ) ∪ (ϕn

2 , 1], and are distinct when µ > µ;

• Finally, if µ ≥ 4k(1 + k) as well, then the roots described above can be ordered as follows

relative to those described in Lemma 3.2: ϕd
1 ≤ ϕn

1 ≤ ϕd
2 < ϕn

2 .

Based on these lemmata and the limiting values f(0) = 0 and limϕt↗1{f(ϕt)} = ∞, we can

conclude that one of three scenarios must obtain with regard to the shape of the function f(·),

whose domain we will now restrict to the unit interval. If µ ≤ µ, then f(·) is continuous and

strictly increasing, and the uniquely optimal policy stance at any level of past overheating xt−1

is given by the inverse f−1(x2t−1/σ
2
θ). If instead µ ∈ (µ, 4k(1 + k)), then f(·) is continuous but

non-monotonic, and the optimal policy stance will lie on one of the two branches along which this

function is strictly increasing: either a lower branch mapping from [0, ϕn
1 ] to [0, f(ϕn

1 )], or an upper

branch that maps from [ϕn
2 , 1) to [f(ϕn

2 ),∞) and thus involves strictly higher values for the policy

stance. A similar situation obtains if µ ≥ 4k(1 + k), except in this case f(·) is discontinuous,

and the lower branch now maps from [0, ϕd
1) to [0,∞). The latter two scenarios are illustrated in
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Figure 2: Case µ ∈ (µ, 4k(1 + k))

Notes. The left-hand panel depicts the function on the left-hand side of equation (3.24). The right-hand
panel depicts the functions ϕ1(·) and ϕ2(·) described in the main text, each of which corresponds to a
local optimum. The parameter values assumed in the panels are (µ, k) = (6, 1).

Figure 3: Case µ ≥ 4k(1 + k)

Notes. The left-hand panel depicts the function on the left-hand side of equation (3.24). The right-hand
panel depicts the functions ϕ1(·) and ϕ2(·) described in the main text, each of which corresponds to a
local optimum. The parameter values assumed in the panels are (µ, k) = (10, 1).
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Figures 2 and 3, with ϕ1(·) denoting the implied one-to-one mapping from x2t−1 to ϕt along the

lower branch, while ϕ2(·) denotes the analogous mapping along the upper branch.

When µ > µ, this characterization opens up the key possibility that the globally optimal

policy stance could respond to changes in x2t−1 by jumping discretely between the local minima

represented by the two branches that we just described. In this respect, it is straightforward to

show which branches will be selected when x2t−1 is either very small or very large. For example,

policy-makers will strictly prefer the upper branch when x2t−1 is very large, since in this case the

terms (1−ϕt)
2kx2t−1 and µϕ2

t (1−ϕt)
2kx2t−1 will dominate all others in the loss function on line 3.22.

If ϕ∗(x
2
t−1) denotes the globally optimal policy stance at an arbitrary value of x2t−1, we can thus

conclude that ϕ∗(x
2
t−1) = ϕ2(x

2
t−1) when x2t−1 is sufficiently large. At the same time, we must have

ϕ∗(x
2
t−1) = ϕ1(x

2
t−1) when x2t−1 ∈ [0, σ2

θf(ϕ
n
2 )), since the upper branch is inaccessible in this range.

Based on these limiting outcomes, we can conclude that when µ > µ there must exist at least

one value for x2t−1 around which it is optimal for policy-makers to pivot in the sense of jumping

from the lower branch to the upper branch. In the Appendix, we further establish a single-crossing

property that makes this pivot point unique, leading to our main result:

Proposition 3.1. The globally optimal policy stance ϕ∗(x
2
t−1) is strictly increasing in x2t−1. If

µ ≤ µ, then it is also continuous. Otherwise, there exists some cutoff x2∗ ∈ [σ2
θf(ϕ

n
2 ),∞) around

which the optimal policy stance jumps discontinuously in the sense that ϕ∗(x
2
t−1) = ϕ1(x

2
t−1) ∀x2t−1 ∈

[0, x2∗), but ϕ∗(x
2
t−1) = ϕ2(x

2
t−1) ∀x2t−1 ∈ (x2∗,∞).

Figure 4 illustrates the implied policy profile when µ > µ, with policy-makers initially opting for

low values of ϕt at which they are mostly looking through supply shocks, then suddenly jumping to

a much more aggressive stance if shocks cumulate up to a point that drives the overheating measure

beyond some threshold level.

The intuition for Proposition 3.1 is that as x2t−1 rises and puts more pressure on private-

sector expectations, it is optimal for policy-makers to compensate by increasing ϕt to at least

some extent. When µ is relatively low, this can be done in a smooth way. However, when µ is

high, a key concern for policy-makers is that smooth approaches will eventually run afoul of the

“cross-term” that we emphasized in our discussion of Figure 1 – that is, the term µϕ2
t (1−ϕt)

2kx2t−1

capturing the employment costs of tightening in response to poorly anchored expectations. This

is because smoothly ramping up the policy stance will eventually lead to situations where ϕt takes

intermediate values that are still too low to effectively re-anchor private-sector expectations, but
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Figure 4: Optimal pivots around x2t−1 = x2∗

Notes. The panels depict the globally optimal policy stance, ϕ∗(x
2
t−1), for a range of values for the state

variable x2
t−1 and two cases involving different values for the policy preference parameter µ. The locally

optimal stances ϕ1(x
2
t−1) and ϕ2(x

2
t−1) are also depicted. The parameter values assumed in the left-hand

panel are the same as in Figure 2, while those assumed in the right-hand panel are the same as in Figure 3.

high enough that policy-makers have to engineer significant amounts of slack to offset the impact

of those expectations on realized inflation outcomes. Pivots give central banks with high µ values

a way to avoid such costly scenarios, and one of the key benefits of the more decisive re-anchoring

with which they are associated is precisely that this allows policy-makers to re-stabilize realized

inflation without necessitating large employment gaps.

With these points in mind, we use the remainder of this section to elaborate on some additional

key features of our solution. In particular, we start with our attention on the sensitivity of private-

sector expectations to the policy stance, as measured by the (unsigned) elasticity∣∣∣∣∣dEWS
t−1 (xt)

dϕt

ϕt

EWS
t−1 (xt)

∣∣∣∣∣ = kϕt

1− ϕt
≡ ζ(ϕt), (3.26)

and elaborate on the important role that this object plays in driving our results, along with the

related role being played by the parameter k controlling the sophistication of private-sector expec-

tations. We then turn our attention to the way that the employment gap behaves around the pivot

point and whether pivots can be compatible with soft landings.
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Role of the elasticity ζ(ϕt) and parameter k. To better understand the role being played by

the elasticity ζ(ϕt), it is useful to re-express the central bank’s first-order condition in a way

that allows us to distinguish between the “direct” channels via which the policy stance impacts

the economy at a given level of private-sector expectations, versus the “indirect” channels that

are intermediated by changes in these expectations. Dividing line 3.23 by ϕ−1
t L(ϕt, x

2
t−1) and

re-arranging terms, we get

µϕ2
t

1 + µϕ2
t

= ζ(ϕt)
(1− ϕt)

2kx2t−1

(1− ϕt)2kx2t−1 + σ2
θ

, (3.27)

where the left-hand ratio µϕ2
t /(1 + µϕ2

t ) can be interpreted as the elasticity of the central bank’s

expected losses with respect to the policy stance, holding private-sector expectations constant,

while the right-hand ratio (1− ϕt)
2kx2t−1/[(1− ϕt)

2kx2t−1 + σ2
θ ] ≡ r(ϕt, x

2
t−1) can be interpreted as

the elasticity of expected losses with respect to expectations, now holding direct effects constant.

The right-hand side of line 3.27 thus captures the marginal benefits of tightening in terms of better

anchoring expectations, while the left-hand side captures the marginal costs in terms of making

employment more volatile at a given level of expectations.

What is key here is that while marginal costs and the ratio r(ϕt, x
2
t−1) are respectively increasing

and decreasing in ϕt, marginal benefits are generally non-monotonic due to the fact the elasticity

ζ(ϕt) is increasing in ϕt – i.e., expectations tend to be more responsive to changes in the policy

stance when ϕt is high. This critical property of private-sector expectations under LKT is the

underlying source of non-convexity in the economy and leads to a situation where there are benefits

to tightening by a sufficiently wide margin. Moreover, since the ratio r(ϕt, x
2
t−1) is increasing in

x2t−1, the marginal benefits of tightening are amplified when the economy has recently experienced

significant overheating, and this gives policy-makers an incentive to delay large increases in ϕt until

the overheating measure has reached sufficiently high levels.

At the same time, the fact that the elasticity on line 3.26 is increasing in the “levels of thinking”

parameter k helps to explain why monetary policy is so powerful in the model’s RE limit. It also

suggests that policy-makers facing very large but finite values for k may be able to make do without

pivots, while others facing lower values for k may find pivots highly valuable as a way of engineering

large changes in private-sector expectations. In the Appendix, we are able to verify and formalize

this intuition as follows:

Proposition 3.2. The threshold µ described in Lemma 3.3 is strictly increasing in the parameter
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k and satisfies limk→∞{µ} = ∞ in the RE limit. As a result, increasing k narrows the range of

values for µ within which pivots emerge as a feature of optimal policy.

Pivots and soft landings. We finally turn to the way that employment behaves around the pivot

point. While pivots are associated with large increases in the policy stance, their actual impact

on employment is unclear and depends on the balance of the direct and indirect channels that

we emphasized when discussing equation (3.27): if the latter channel were very strong, then the

adjustment in inflation expectations that pivoting induces could reduce inflation pressures enough

that the amount of actual slack that policy-makers have to engineer would be relatively low. This

tension is reflected in the fact that the (rationally) expected employment gap is given by

ERE
t−1(N̂t) = −ϕt(1− ϕt)

kxt−1, (3.28)

so its behaviour around the pivot point is driven by how the jump to a higher policy stance impacts

the product ϕt(1− ϕt)
k.

While this impact is difficult to characterize as a general matter, we show in the Appendix that

the special case with k = 1 level of thinking has the property that the direct and indirect channels

offset one another exactly in expectation, leading to no change in ϕt(1−ϕt)
k or the expected level of

employment around the pivot point. In other words, pivots are compatible with soft landings when

k = 1, at least in expectation, and essentially amount to a “tough talk” strategy that re-anchors

expectations in a way that eliminates the need for actual slack.

However, if pivots are expected to lead to soft landings, then why wait to implement them?

The answer has to do with the impact of pivots on the variance of the employment gap,

varRE
t−1(N̂t) = ϕ2

tσ
2
θ , (3.29)

which increases discontinuously around the pivot point. This reflects the fact that an aggressive

policy stance makes employment more sensitive to supply shocks by committing the central bank to

respond strongly to off-target inflation, regardless of whether that inflation is driven by expectations

or shocks. Optimally-timed pivots under k = 1 are thus associated with “risky” or “narrow” soft

landings in the sense that they re-stabilize inflation without triggering changes in the expected level

of employment, but do so at the cost of increasing the uncertainty around employment outcomes.

To summarize:
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Proposition 3.3. If µ > µ, then the pivots described in Proposition 3.1 are associated with dis-

continuous increases in the variance of the employment gap, as given by equation (3.29) above.

However, if k = 1 as well, then they have no effect on the expected level of employment, as given

by equation (3.28) above.

4 Dynamic policy problem: numerical solution

Having shown in our previous section how pivots can emerge as a feature of optimal policy when

policy-makers are myopic, we now ask if pivots are robust to extensions in which policy-makers are

assumed to be forward-looking. This will involve using numerical methods to solve the full dynamic

problem facing a central bank with a non-zero discount factor βCB > 0.

However, before doing this, it will be useful to generalize the Phillips curve derived in our

previous section to allow for an arbitrary slope on the expected employment gap, rather than the

slope of one implicit in equation (2.12). This will be helpful in calibrating the numerical model and

interpreting its results, in addition to allowing for greater generality.

4.1 Generalizing the Phillips curve

To allow for a non-unit slope in the Phillips curve, we replace the household preferences in the

previous section with ones in line with Greenwood, Hercowitz, and Huffman (1988). Specifically,

we now assume that household h has a utility function of the form

EHH(h)
t

[ ∞∑
τ=0

βτ ln

(
Ch,t+τ − ηθt+τ

∫ 1

0
Ñ1+χ

h,s,t+τds

)]
,

where χ > 0 is the inverse Frisch elasticity of labour supply. In the Appendix, we show that this

leads to a modified Phillips curve of the following form, where λ ≡ χ/(1 + ρχ):

π̂t = λEWS
t−1 (N̂t) + EWS

t−1 (π̂t)− θ̂t,

In the Appendix, we further show how non-unit values for the slope parameter λ impact the

problem facing policy-makers. This involves re-defining our overheating measure as xt ≡ π̂t + λN̂t,

in addition to defining µ̃ = µ/λ2 as policy-makers’ “effective weight” on stabilizing employment,

and ϕ̃t ≡ λϕt as their “effective policy stance” in a given period. Under these definitions, the
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central bank’s problem amounts to choosing ϕ̃t to minimize

ERE
t−1

[ ∞∑
τ=0

βτ
CB(1 + µ̃ϕ̃2

t+τ )
[
(1− ϕ̃t+τ )

2kx2t+τ−1 + σ2
θ

]]
, (4.30)

subject to the following law of motion:

xt = (1− ϕ̃t)[(1− ϕ̃t)
kxt−1 − θ̂t]. (4.31)

Comparing this program with the original program on lines 3.20 and 3.21 of the previous section,

we see that the two coincide when we replace (µ, ϕt) in the latter program with (µ̃, ϕ̃t). In this

sense, solving the policy problem in the general case of a non-unit slope is equivalent to solving our

original program with a modified weight on the central bank’s employment objective, though one

must be mindful to infer the true policy stance via ϕ̃t = λϕt.

This equivalence has several key implications. Most importantly, it implies that all of the

qualitative results established in the previous section readily carry over to the case of an arbitrarily

sloped Phillips curve. Moreover, since the literature favours values for λ much less than one, it

implies a significant widening in the range of values for the “true weight” µ within which the

pivoting behaviour described in Proposition 3.1 emerges. To the extent that λ takes values less

than one, pivots should also be associated with wider swings in the true policy stance ϕt = ϕ̃t/λ.

4.2 Baseline parameterization and solution method

We are now ready to solve the generalized policy problem on lines G.63 and C.45 using numerical

methods. Given the model’s emphasis on wage-setting, coupled with its property that wages are

sticky within periods but fully flexible across periods, it is natural to focus on parameterizations that

identify model periods with years. We therefore set policy-makers’ discount factor to βCB = 0.995,

aligning with the midpoint of Bank of Canada staff’s current assessed range of 0 to 1% for the real

neutral rate in Canada (Champagne et al., 2023).

As for the model’s other parameters, our baseline parameterization will set the relative weight

on employment in the central bank’s loss function to µ = 1, a natural benchmark consistent with

policy-makers placing equal weight on deviations of inflation from target and employment from its

natural level. At the same time, we set the Phillips curve slope to λ = 0.092, a value broadly in line

with Canadian estimates in Djeutem et al. (2022) and Wagner et al. (2022). We also assume k = 2
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levels of thinking in the private sector, placing us in the middle of the range of k = 1 to 4 considered

in Farhi and Werning (2019) and in line with the experimental literature (which generally estimates

k values in the low single digits). The only remaining parameter is then the supply-shock variance,

σ2
θ , which we calibrate to match the variance of CPI inflation in Canada, computed using a data

sample that begins when the country’s current 2% inflation target first formally started applying

in the mid-1990s.

For a given set of parameters, we solve the model by value function iteration. Details on our

solution algorithm are given in the Appendix.

4.3 Results

Results for the baseline parameterization are given by the blue lines in Figure 5, with the left-

hand panel depicting the optimal policy stance as a function of the past overheating measure xt−1.

Pivots clearly remain a key feature of optimal policy, with a threshold value for xt−1 around 4%

triggering a sudden increase in the policy stance. As shown in the middle and right-hand panels,

which respectively plot the inflation expectations of wage-setters and policy-makers as a function

of past overheating, pivots are also associated with sharp re-normalizations in both rational and

LKT-based inflation expectations.

Figure 5 also reports results for a myopic parameterization under which we set βCB = 0 while

keeping all other parameters at their baseline values. Those results are given by the magenta lines

in the figure. Comparing those results to the non-myopic base case in blue, we see that allowing for

a realistic degree of forward-looking behaviour on the part of the central bank leads to a significant

“pull forward” of the threshold around which policy-makers are prepared to pivot (left-hand panel),

setting the scene for earlier (and thus smaller) re-normalizations in both rational and LKT-based

inflation expectations (right-hand and middle panels, respectively). This willingness to pivot earlier

is a natural consequence of the fact that a forward-looking central bank internalizes the benefits that

stabilizing inflation in the current period will generate in future periods through better-anchored

expectations. In other words, our results suggest that pivoting behaviour is not merely robust to

allowing for a forward-looking central bank: there is a precise sense in which this behaviour is

actually strengthened by non-zero values for the central bank’s discount factor.

With these points in mind, we use the remainder of this section to explore the roles that two

additional parameters play in driving our numerical results, namely: (i) the “levels of thinking”

parameter k; and (ii) the ratio µ̃ = µ/λ2 representing the effective weight that policy-makers place
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Figure 5: Optimal pivots under the baseline parameterization and βCB = 0

on their employment objective.

Role of the parameter k. Figure 6 reports results from varying k between one and five while

keeping all other parameters at their baseline values. The dashed red lines in the figure also report

illustrative results for an extreme parameterization under which we set k = 40, well outside the

range supported by experimental studies – and high enough to deliver results relatively close to

those associated with the rational expectations limit k → ∞ (for which results are reported in

dashed blue). A key pattern to note is that while the cases involving k ∈ {1, 2, 3} all lead to pivots

around thresholds in the 3-5% range, higher-k cases have no pivots occurring even when xt−1 is

as high as 10%. This is consistent with the message from Proposition 3.2 that policy-makers can

make do without pivots when facing a sufficiently sophisticated private sector.

We also note that within the low single-digit range of k values typically supported by the

experimental literature, Figure 6 tends to associate higher values for k with smaller jumps in the

policy stance around the pivot point (left-hand panel), along with less sharp adjustments in the

expectations of wage-setters (middle panel) and policy-makers (right-hand panel). These patterns

reflect the fact that policy-makers facing higher values for k have greater leverage over private-sector

expectations and thus do not need to tighten as aggressively to re-stabilize inflation.

These points are important partly because a smaller jump in the policy stance around a given

pivot point should lead to a situation where employment outcomes are less sensitive to supply

shocks following pivots, all else being equal. This suggests that the “risky soft landing” problem

that we discussed earlier should be less of an issue when k is high. To confirm this intuition, we use
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Figure 6: Impact of changing the levels of private-sector thinking, k

Figure 7 to zoom in on the model’s behaviour around the pivot points associated with the k = 1

through 3 parameterizations described earlier. In this figure, solid lines depict (rationally) expected

inflation and employment outcomes before observing the supply shock θ̂t, while the surrounding

bands depict realized outcomes for a range of potential shock values. Since the horizontal axes in

both panels have been normalized so that pivots occur at a value of zero for all parameterizations,

this makes it easy to compare parameterizations in terms of how the first and second moments of

the employment gap respond to pivots.

In particular, we note that pivots have negligible impacts on expected employment for all

parameterizations considered, and that the main employment impact of pivots is instead to increase

the uncertainty surrounding employment outcomes – especially when k is small. This indicates that

risky soft landings remain a key feature of the model economy, and that higher values for k open up a

better policy trade-off between stabilizing expectations and mitigating the variance of employment

and associated risk of hard landings.

Role of the parameter µ̃. We now turn our attention to the effective weight that policy-makers

place on minimizing deviations of employment from its natural level, as measured by the ratio

µ̃ = µ/λ2. In Figure 8, we report results for a range of values for this ratio, holding all other

parameters at their baseline values.

Consistent with our analytical results, the optimal policy stance is discontinuous when µ̃ is large
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Figure 7: Risky soft landing under different levels of private-sector thinking (k)

but takes on a smooth profile for small values of µ̃, suggesting that µ̃ must exceed some threshold in

order for pivoting to occur. Moreover, conditional on being above this threshold, higher values for

µ̃ are associated with higher pivot points, reflecting a greater willingness to look through periods

of high inflation when policy-makers place greater weight on their employment objectives.

While policy-makers thus tend to delay pivots when µ̃ is high, it is important to note from

Figure 8 that in this case pivots will be associated with larger swings in the policy stance should

xt−1 eventually reach levels high enough to trigger them. In this sense, pivots “come later”, but

they are also more pronounced.17

5 Costs of deviating from the optimal policy

While the analysis in the last two sections identified conditions under which discontinuous pivots

represent an optimal response to sufficient levels of overheating, such pivots are clearly difficult

to time as a practical matter, and concerns that an abrupt tightening could trigger economic

disruptions often lead policy-makers to take more gradual approaches. While gradual approaches

are generally sub-optimal when viewed through the lens of the model, we use this section to get

17In this respect, we note that recent pivots in advanced economies occurred at a time when (i) some central banks
had recently announced framework changes placing greater emphasis on employment outcomes; and (ii) a range of
studies suggested that Phillips curves in advanced economies had flattened significantly. To the extent that these
factors respectively contributed to a higher value for µ and lower value for λ, they would have increased the ratio
µ̃ = µ/λ2, setting the scene for a later but more pronounced pivot when viewed through the lens of this framework.
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Figure 8: Impact of changing policy-makers’ effective weight on employment, µ̃ = µ/λ2

more specific about their costs, as well of those of poorly timed pivots.

Of course, there are many ways in which the monetary authority could deviate from the optimal

policy in our model. We will focus on two possible deviations in simulations where we initialize the

baseline parameterization of the model at a modest level of recent overheating and then assume

a supply shock large enough to trigger pivoting under the optimal policy. Figure 9 depicts the

implied time paths for key variables under the optimal policy, as well as the two deviant policies.

The first of these deviant policies aims to capture a scenario where the policy pivot is mis-timed

and occurs too late. To construct this “too late” scenario, we make use of the fact that the central

bank’s loss function generally admits multiple, locally optimal values for the policy stance, with

pivots involving jumps from the lowest of these optima to a higher one. In particular, we assume

that policy-makers (i) initially stay on their lowest local optimum after the supply shocks arrives,

even though it is no longer globally optimal to do so; and (ii) only recognize and correct this

mistake after three periods. As shown in the middle and bottom panels of Figure 9, this leads to

significantly worse inflation and employment outcomes relative to the globally optimal policy.

The second deviation that we consider aims to capture a scenario where policy-makers no longer

pivot and instead tighten gradually in response to the supply shock. For this scenario, we assume

that the central bank smoothly increases its stance in the three periods following the supply shock,

eventually reaching the same peak value as in the “too late” scenario; once they reach this peak,

policy-makers are assumed to revert back to the globally optimal policy. As shown in Figure 9, a

key feature of this “too gradual” scenario is that it leads to worse employment outcomes relative
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Figure 9: Simulating an optimal pivot and two possible deviations

to both the optimal policy and the “too late” scenario. This illustrates the risk of hard landings

associated with intermediate values for the policy stance and more generally highlights the rich,

non-monotonic mapping that the model admits between the policy stance and aggregate outcomes.

6 What about demand shocks?

So far, we have ignored demand shocks, despite the key role that they played in the recent inflation

surge and other real-world inflation episodes. In this section, we briefly discuss the consequences

of introducing demand shocks and how our results can be interpreted in this broader context. We

will focus on the standard case where demand shocks arise from shocks to the household discount

factor, leading the IS curve on line 2.13 to include a stochastic intercept dt. Forward-solving then

yields

N̂t = −ERE
t

[ ∞∑
τ=0

(̂ıt+τ − π̂t+τ+1)

]
+ ERE

t

( ∞∑
τ=0

dt+τ

)
, (6.32)
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so the appropriate measure of the stimulus being provided by policymakers is now the cumulative

sum of expected future differences between the real rate and a time-varying natural rate linked to

the demand shock. In special cases where the central bank is able to ensure an average difference

of zero, this would imply full stabilization of the employment gap.

With these points in mind, we can still interpret the feedback rule on line 2.14 as the product

of a situation where policy-makers set the level of stimulus as a function of the prevailing rate of

inflation, though the appropriate measure of stimulus should now be based on equation (6.32):

ϕtπ̂t = ERE
t

[ ∞∑
τ=0

(̂ıt+τ − π̂t+τ+1)

]
+ ERE

t

( ∞∑
τ=0

dt+τ

)
.

Under this interpretation, the core policy problem laid out in Section 3 is unaltered relative to its

form in an economy without demand shocks, and the only impact of demand shocks is thus to shift

the nominal rate settings that the solution to this problem would imply.

Put differently, when the economy is subject to both demand and supply shocks, the policy-

setting process can be viewed as a two-stage process where policy-makers first gauge the rate path

needed to fully insulate employment from demand shocks, and then judge if adjustments are needed

to address supply shocks or poor anchoring of expectations. All of our results thus carry over to

this context but should be interpreted as informing the second of these two stages.

Of course, this assumes that policy-makers are able to distinguish between demand and supply

shocks, and this is a non-trivial assumption. If, for example, a central bank mistakenly interpreted

some demand shocks as supply shocks, then this could lead to an overly stimulative stance to the

extent that the two-stage process above will generally involve fully offsetting demand shocks but

looking through supply shocks to at least some extent. Similar issues would arise if policy-makers

simply mis-judged the strength of demand. “Policy errors” of this sort could be incorporated into

our analysis but would involve a signal-extraction problem that we leave for future work.

7 Model mechanism and the recent inflation surge

Our model has the implication that it is optimal for policymakers to initially look through supply

shocks, but they should be ready to pivot sharply if shocks cumulate beyond some threshold level.

While this pattern broadly squares with many countries’ experiences during the global inflation

surge that began in 2021, we use this section to more fully explore the extent to which the data
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support the mechanisms that the model emphasizes.18

We start by noting that the model’s primary mechanism works through expected inflation.

With an unchanging policy stance, inflation expectations should co-move with a lagged overheating

measure that puts significant weight on past inflation outcomes. On the other hand, pivoting from

a loose policy stance to a tight one should quickly lead to a moderation in expected inflation, even

if supply shocks help to keep contemporaneous realized outturns relatively high. The model also

predicts that wage growth should drift up and down with expected inflation.

Figure 10: Evolution of key series around the recent spike in US inflation
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Notes. The vertical dashed red line marks 2022Q2, the first full quarter of the Federal Reserve’s tightening
cycle.

Are such relationships evident in the data? To help answer this question, Figure 10 shows the

18From the outset, we stress that our empirical tests neither assume nor aim to confirm that central banks’
real-world pivots were optimally timed or sized. Put differently, the focus in this section is only on the positive
consequences of policy pivots (rather than normative consequences).
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movements over 2020Q1-2023Q4 in five key US series: two measures of one year-ahead inflation

expectations (one based on the University of Michigan Surveys of Consumers and another produced

by the Federal Reserve Bank of Cleveland); wage growth, proxied by changes in an employment

cost index; a trimmed measure of inflation; and the federal funds rate. The figure shows that

both measures of expected inflation, as well as wage growth, kept trending up until 2022Q2, which

marked the first full quarter of an aggressive tightening cycle initiated by the Federal Reserve.

Following this critical shift away from the “low for long” policies previously in place, expected

inflation and wage growth both immediately turned around, though inflation continued trending

up for a couple more quarters. These patterns are all consistent with the model’s main mechanism.

More formally, the model’s key implied relationships between inflation, wage growth, expected

inflation, and other variables can be summarized by the following three equations, where Ŵt ≡

lnWt − lnWt−1 − π∗ can be interpreted as a wage growth gap:

π̂t = Ŵt − θ̂t (7.33)

Ŵt = (1− λϕt)EWS
t−1 (π̂t) (7.34)

EWS
t−1 (π̂t) = (1− λϕt)

k−1 (π̂t−1 + λN̂t−1) (7.35)

If we then let ϕ̄ denote a long-run average of the policy stance, equation (7.35) can usefully be

rewritten as

EWS
t−1 (π̂t) = (1− λϕ̄)k−1(π̂t−1 + λN̂t−1) + ut, (7.36)

with a residual ut ≡ [(1−λϕt)
k−1−(1−λϕ̄)k−1](π̂t−1+λN̂t−1). During periods when the economy is

overheating but policymakers are still maintaining a “look-through” stance, we should then expect

to have π̂t−1 + λN̂t−1 > 0 with ϕt < ϕ̄, leading to a situation where the residual in equation (7.36)

is positive and likely rising. On the other hand, when policymakers eventually pivot to a tighter

stance, we should expect the same residual to revert back toward zero and even turn negative.

To test these predictions, we take equation (7.36) to the data by fitting expected inflation

on lagged measures of realized inflation and labour market tightness. Our baseline specification

uses the above-noted Michigan series for inflation expectations, along with a trimmed measure of

realized inflation. Following Benigno and Eggertsson (2023) and others, we also use the vacancy-

to-unemployment ratio (V/U) as a proxy for labour market tightness.

Residuals from several different versions of this estimation are reported in Figure 11 and give us
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an empirical analogue for the residual in equation (7.36). As shown in the figure, we have estimated

over three distinct sample periods: 1982Q1-2023Q4, 1990Q1-2023Q4, and 2000Q1-2023Q4. Some

of our regressions also allow for non-linear effects in the labour market by including dummies for

periods when V/U > 1, motivated by recent arguments from Benigno and Eggertsson (2023) that

such non-linearities may have played an important role in driving post-pandemic inflation outcomes.

To be more agnostic on the relevant timing assumptions, the figure also includes results for cases

where we use contemporaneous values of the V/U ratio, rather than lagged values.

Across all of the specifications considered in Figure 11, a remarkably similar story emerges in

terms of the way that the estimated residuals evolved over the course of the recent inflation surge.

In particular, we consistently find that the residuals start rising around 2020Q2 and then keep rising

until 2022Q2. At that point – i.e., the first full quarter of the US tightening cycle –, the residuals

then begin declining back towards zero under all specifications and for all of the different sample

periods considered. We view this as strong evidence in support of the model’s main mechanism.19

More broadly, we view these findings as a complement to a growing body of empirical literature

suggesting links between the timing of central banks’ post-pandemic pivots and signs of re-anchoring

in various indicators of inflation expectations. For example, Patzelt and Reis (2024) find that

the first half of 2022 marked a peak in a dispersion-based measure of de-anchoring in European

households’ inflation expectations – with patterns then beginning to renormalize after the first ECB

rate hike in July of that year. Using option price data to infer markets’ perceived probability of a US

“inflation disaster”, Hilscher, Raviv, and Reis (2025) similarly note that the timing of a large drop

in this probability “coincided almost to the month with the U-turn in monetary policy”, arguing

that “this provides support for a tight link between monetary policy and the inflation anchor”.

At the same time, Di Pace et al. (2025) document a significant impact of Bank of England rate

hikes on UK firms’ (own) price growth expectations, with evidence of non-linearities that appear

to have amplified the impacts of larger hikes over the post-pandemic period. This last observation

is especially notable, as it focuses on the expectations of players who are closer to real-world

price-setting decisions – and also supports our model’s prediction that larger pivots should have a

disproportionate impact on expectations (as stressed toward the end of Section 3).

19We have also run the expected inflation regressions with additional controls for supply conditions as measured by
the Federal Reserve Bank of New York’s Global Supply Chain Pressure Index (GSCPI). The key qualitative patterns
depicted in Figure 11 remain unchanged with these additional global supply shock controls, independent of whether
the GSCPI variable is included in levels or in changes. These results are available from the authors upon request.
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Figure 11: Residuals in expected inflation regressions
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8 Conclusion

The appropriate monetary response to inflation driven by supply shocks is a question that has

captured the attention of many policy-makers and analysts over the last few years. In this paper,

we have aimed to contribute to this discussion by examining how best to stabilize inflation and

employment under a range of assumptions on how agents form expectations, including cases where

agents are sufficiently sophisticated to understand that policy decisions affect their environment

but are not able to fully internalize all of the implications. The environment we examined was

one where sticky wages can favour looking through supply shocks, while the sensitivity of inflation

expectations to the policy stance and realized inflation makes that strategy risky.

We showed that under level-k thinking optimal policy generally takes the form of a threshold
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rule. If inflation has been pushed only slightly above target, then policy should mainly look through

supply shocks. However, if a series of shocks cumulate up to a specific threshold, we showed that

policy needs to shift discontinuously to a more hawkish stance in order to control inflation expecta-

tions. While the hawkish policy stance involves reacting strongly to any subsequent inflation, the

pivot itself – if executed optimally – can lead to a soft landing since its aim is to directly decrease

inflation expectations and thereby inflation itself. To the extent that this allows policymakers to

stabilize inflation without having to engineer significant slack, this indirect effect of tightening can

largely counteract the negative direct effects, thereby creating potential for soft landings.

In 2022H1, many central banks changed their policy stances in manners that could be viewed

as pivots. Through the lens of this model, this response represented a step in the right direction

– but whether it was sufficiently aggressive is not clear. Especially in cases where policy-makers

opted for less aggressive and/or more gradual pivots, our analysis suggests that a more decisive

shift could potentially have led to a shorter tightening cycle and better odds of a soft landing.
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Appendix

A Proofs

Proof of Lemma 3.2. All claims follow immediately from the fact that d(ϕt) = µ(1+k)ϕ2
t−µϕt+k,

making d(·) a convex quadratic function with a discriminant of the form µ2 − 4µk(1 + k).

Proof of Lemma 3.3. n(·) is a cubic function satisfying n(0) > 0, n′(0) ≥ 0, n(1) > 0, and

n′(1) > 0. As a result, it is either strictly positive over the unit interval, assuming that its

discriminant is strictly negative, or otherwise admits two (possibly duplicate) roots ϕn
1 and ϕn

2

in this interval. Noting that the discriminant of a generic cubic ax3 + bx2 + cx + d is given by

18abcd− 4b3d+ b2c2 − 4ac3 − 27a2d2, the relevant discriminant can be shown to take the form

µ
[
108µ2 +B(k)µ+ C(k)

]
, (A.37)

where:

B(k) ≡ 36(k − 1)2 − 216(k + 1)(k − 1)− 108(k + 1)2 (A.38)

C(k) ≡ −64(k + 1)(k − 1)3 ≤ 0. (A.39)

Since the function B(·) is decreasing and satisfies B(1) < 0, we can conclude that B(k) < 0.

As a result, the expression in square brackets on the right-hand side of line A.37 must, when

viewed as a function of µ, take the form of a convex quadratic with two real roots: one strictly

positive, and the other weakly negative. Letting µ denote the positive root, we can conclude that

the discriminant on line A.37 is strictly negative when µ ∈ (0, µ), but strictly positive with ϕn
2 > ϕn

1

when µ > µ. Since the term in square brackets on line A.37 can be shown to be strictly positive

when µ = 4k(1 + k), we can also conclude that µ < 4k(1 + k).

All that remains at this point is to verify the ordering of the set {ϕn
1 , ϕ

n
2 , ϕ

d
1, ϕ

d
2}, assuming that

µ ≥ 4k(1 + k). Suppose first that this inequality holds strictly. In this case, it is useful to note

from the definitions of the functions f(·) and n(·) that

n(ϕt) =
[1 + 2ϕt(k − 1)]d(ϕt)− ϕt(1− ϕt)d

′(ϕt)

k
,

so n(ϕt) and d′(ϕt) must have opposite signs when ϕt ∈ {ϕd
1, ϕ

d
2}. However, with µ > 4k(1 + k),
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Lemma 3.2 implies that d′(ϕd
1) < 0 < d′(ϕd

2), so it must be the case that n(ϕd
1) > 0 > n(ϕd

2), which

is only possible if ϕd
1 < ϕn

1 < ϕd
2 < ϕn

2 based on the shape of the function n(·). By continuity, it

must therefore be the case that ϕd
1 = ϕn

1 = ϕd
2 < ϕn

2 when µ = 4k(1 + k) exactly, since in this case

we have ϕd
1 = ϕd

2, but we still have ϕn
1 < ϕn

2 by virtue of the fact that 4k(1 + k) > µ.

Proof of Proposition 3.1. The claims made regarding the case µ ≤ µ were established in the

main text – likewise the continuity and strict monotonicity of the functions ϕ1(·) and ϕ2(·) when

µ > µ. As a result, we will focus on establishing the uniqueness of the pivot point x2∗ when µ > µ.

As a first step in this direction, let

Li(x2t−1) ≡ L[ϕi(x
2
t−1), x

2
t−1] =

[
1 + µ[ϕi(x

2
t−1)]

2
][
[1− ϕi(x

2
t−1)]

2kx2t−1 + σ2
θ

]
denote the central bank’s expected losses along the lower branch (i = 1) or upper branch (i = 2).

Note that Li(·) is continuous in both cases, as is the function L(ϕt, ·) ∀ϕt ∈ [0, 1]. In light of these

points, coupled with the fact that

L1(x2t−1) < L[ϕ2[σ
2
θf(ϕ

n
2 )], x

2
t−1] ∀x2t−1 ∈ [0, σ2

θf(ϕ
n
2 )),

we can conclude that L1[σ2
θf(ϕ

n
2 )] ≤ L2[σ2

θf(ϕ
n
2 )]. If µ < 4k(1 + k), then similar reasoning will

confirm that L1[σ2
θf(ϕ

n
1 )] ≥ L2[σ2

θf(ϕ
n
1 )], so there must exist some x2∗ ∈ [σ2

θf(ϕ
n
2 ), σ

2
θf(ϕ

n
1 )] at which

L1(x2∗) = L2(x2∗). (A.40)

If instead µ ≥ 4k(1+ k), then some x2∗ ∈ [σ2
θf(ϕ

n
2 ),∞) satisfying equation (A.40) should still exist,

since we know from the main text that L1(x2t−1) > L2(x2t−1) when x2t−1 is very large.

In both cases, it is now useful to note that ϕ2(x
2
∗) ≥ ϕn

2 > ϕn
1 ≥ ϕ1(x

2
∗), where the middle

inequality follows from the fact that µ > µ. As a result, equation (A.40) can only hold if

[
1 + µ[ϕ1(x

2
∗)]

2
]
[1− ϕ1(x

2
∗)]

2k >
[
1 + µ[ϕ2(x

2
∗)]

2
]
[1− ϕ2(x

2
∗)]

2k,

which is equivalent to
(
L1
)′
(x2∗) >

(
L2
)′
(x2∗) by the envelope theorem. Conclude that any point

of intersection between the functions L1(·) and L2(·) must have the former crossing strictly from

below, thus precluding multiple intersections.
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Proof of Proposition 3.2. In our proof of Lemma 3.3, we showed that µ is the upper root of a

convex quadratic of the form

108µ2 +B(k)µ+ C(k), (A.41)

where B(k) and C(k) are respectively defined on lines A.38 and A.39 and satisfy B′(k) < 0 and

C ′(k) < 0 ∀k ∈ [1,∞). Evaluating line A.41 at µ = µ and totally differentiating with respect to k

thus yields

(dµ/dk) [216µ+B(k)]︸ ︷︷ ︸
>0

+B′(k)µ+ C ′(k)︸ ︷︷ ︸
<0

= 0,

so dµ/dk > 0. In the RE limit, lines A.38 and A.39 further imply that

lim
k→∞

{µ} = lim
k→∞

{
−B(k) +

√
[B(k)]2 − 432C(k)

216

}
= lim

k→∞

{
(1 + k)2

}
= ∞. ■

Proof of Proposition 3.3. That the variance of the employment gap is strictly increasing around

the pivot point was already established in the main text, so we will focus on showing that the

expected level of the employment gap is unchanged by pivots when µ > µ and k = 1.

Suppose first that µ > µ. In this case, our previous findings imply that the triplet (ϕ1, ϕ2, z) =

[ϕ1(x
2
∗), ϕ2(x

2
∗), x

2
∗] is the unique solution to the following system of equations:

L(ϕ1, z) = L(ϕ2, z)

L1(ϕ1, z) = 0

L1(ϕ2, z) = 0

– i.e., when x2t−1 = z, the central bank’s first-order condition must hold at both ϕt = ϕ1 and

ϕt = ϕ2, and expected losses at these two points should also be equal.

Let us now impose k = 1. In this case, the system above can be written as follows:

(1 + µϕ2
1)(1− ϕ1)

2z + (1 + µϕ2
1) = (1 + µϕ2

2)(1− ϕ2)
2z + (1 + µϕ2

2)

[µϕ1(1− ϕ1)
2 − (1− ϕ1)(1 + µϕ2

1)]z + µϕ1 = 0

[µϕ2(1− ϕ2)
2 − (1− ϕ2)(1 + µϕ2

2)]z + µϕ2 = 0.
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Using the second of these equations to eliminate z then yields the following system:

µϕ1(1 + µϕ2
1)(1− ϕ1)

2

(1− ϕ1)(1 + µϕ2
1)− µϕ1(1− ϕ1)2

+ (1 + µϕ2
1) =

µϕ1(1 + µϕ2
2)(1− ϕ2)

2

(1− ϕ1)(1 + µϕ2
1)− µϕ1(1− ϕ1)2

+ (1 + µϕ2
2)

[µϕ2(1− ϕ2)
2 − (1− ϕ2)(1 + µϕ2

2)]µϕ1

(1− ϕ1)(1 + µϕ2
1)− µϕ1(1− ϕ1)2

+ µϕ2 = 0.

At this point, it can be verified that the pair

(ϕ1, ϕ2) =

[
µ−

√
µ2 − 4µ

2µ
,
µ+

√
µ2 − 4µ

2µ

]

comprises a solution to the two-dimensional system above.20 Note that this pair must be real, since

the characterization of µ in our proof of Lemma 3.3 implies that µ = 4 when k = 1. Moreover,

since the pair satisfies ϕ2 = 1 − ϕ1, it must be the case that the expected employment level

ERE
t−1(N̂t) = −ϕt(1− ϕt)xt−1 is constant around the pivot point.

B Demand curve under non-rational expectations

In this section, we revisit the household Euler equation on line 2.8 of the main text while adapting

methods first developed in Preston (2005) to allow for the possibility that households’ expectations

may not be rational. In lieu of full rationality, this approach requires the weaker condition that

household expectations be consistent with the law of iterated expectations – i.e., EHH(h)
t (·) =

EHH(h)
t [EHH(h)

T (·)] for each household h ∈ [0, 1] and each horizon T ∈ {t + 1, t + 2, . . .}. It is also

convenient but non-essential to assume that households are rational when forming expectations on

fully exogenous variables, echoing a similar assumption that was imposed on wage-setters in the

main text.

Under these assumptions, linearizing and forward-solving the household Euler equation allows

us to express a given household’s consumption plans at a given horizon as follows:

EHH(h)
t (ĈhT ) = Ĉht + EHH(h)

t

[
T−1∑
τ=t

(̂ıτ − π̂τ+1)

]
,

20One way of seeing that these values for ϕ1 and ϕ2 satisfy the two equations in question is to begin by conjecturing
that ϕ2 = 1− ϕ1 and then use this to replace ϕ2. In this case, each of these two equations individually becomes an
equation in ϕ1 only, and they can both be reduced to the same cubic equation, namely: 2µϕ3

1−3µϕ2
1+(2+µ)ϕ1−1 = 0.

This cubic equation can then be factored as (ϕ1 − .5)(2µϕ2
1 − 2µϕ1 + 2) = 0, with the claimed values for ϕ1 and ϕ2

corresponding to the roots of the term (2µϕ2 − 2µϕ+ 2), which indeed satisfy our initial conjecture.
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where Ĉht ≡ lnCht− lnY t denotes the deviation of consumption from the symmetric, flexible-wage

benchmark described in the main text. At the same time, the household’s expected lifetime budget

constraint can be expressed as follows after linearizing and forward-solving the flow constraint on

line 2.7 of the main text:

Bh,t−1

PtYt
= EHH(h)

t

[ ∞∑
T=t

βT−t(ĈhT − N̂T )

]
.

Together, these expressions lead to a final demand curve of the following form after summing

across households and accounting for goods and bond market clearing:

N̂t = (1− β)EHH
t

( ∞∑
T=t

βT−tN̂T

)
− βEHH

t

[ ∞∑
T=t

βT−t(̂ıT − π̂T+1)

]
, (B.42)

where EHH
t (·) ≡

∫ 1
0 EHH(h)

t (·)dh denotes an average expectation across households. This allows us

to express the overall level of demand in the economy partly as a function of households’ expecta-

tions regarding the real policy rate path, EHH
t

[∑∞
T=t β

T−t(̂ıT − π̂T+1)
]
, and partly as a function

of fluctuations in households’ expected permanent income, (1− β)EHH
t

(∑∞
T=t β

T−tN̂T

)
.

Though more complicated than the IS curve considered in the main text, this demand curve

remains consistent with the recursive solution structure emphasized in Subsection 2.5 – i.e., one

can continue solving for the key triplet (π̂t, N̂t, ϕt) using other blocks of the model, then back out

the policy rate path needed to ratify these outcomes using equation (B.42). It is also possible to

continue interpreting the policy feedback rule on line 2.14 as the product of a rule where the central

bank adjusts the policy rate path as needed to regulate the overall level of demand as a function

of the prevailing rate of inflation (though in this case the central bank must account for potential

permanent income effects in its assessment of overall demand conditions).

C Phillips curve under GHH preferences

In contrast to the analysis in Section 3 of the main text, we now assume that households have

preferences of a form in line with Greenwood, Hercowitz, and Huffman (1988). Specifically, we

assume that household h ∈ [0, 1] has a utility function of the form

EHH(h)
t

[ ∞∑
τ=0

βτ ln

(
Ch,t+τ − ηθt+τ

∫ 1

0
Ñ1+χ

h,s,t+τds

)]
,
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where χ > 0 is the inverse Frisch elasticity of labour supply. In this section, we first characterize

the Phillips curve to which these preferences give rise, then turn our attention to the implications

for the problem facing policy-makers.

Phillips curve. Under the preferences above, the problem facing the union setting wages for service

s ∈ [0, 1] involves choosing (Wst, Ñst) to maximize an objective of the form

EWS(s)
t−1

[(
WstÑst

Pt
− ηθtÑ

1+χ
st

)∫ 1

0

1

Cht − ηθt
∫ 1
0 Ñ1+χ

qt dq
dh

]
,

where the integral on the right-hand side gives the average marginal utility of the union’s members,

and the optimization is subject to the labour demand curve on line 2.5 of the main text. The

first-order condition associated with this problem reads as

W 1+ρχ
st =

ηρ(1 + χ)

ρ− 1

EWS(s)
t−1

[
θt

[(
Yt
θt

)
W ρ

t

]1+χ ∫ 1
0

1

Cht−ηθt
∫ 1
0 Ñ1+χ

qt dq
dh

]
EWS(s)
t−1

[
1
Pt

(
Yt
θt

)
W ρ

t

∫ 1
0

1

Cht−ηθt
∫ 1
0 Ñ1+χ

qt dq
dh

] .

Recalling from the main text that all wage-setters share common, though potentially incorrect,

expectations on all aggregate outcomes, this first-order condition can be re-expressed as

W 1+ρχ
t =

ηρ(1 + χ)

ρ− 1

EWS
t−1

[
θt

[(
Yt
θt

)
W ρ

t

]1+χ ∫ 1
0

1

Cht−ηθt
∫ 1
0 Ñ1+χ

qt dq
dh

]
EWS
t−1

[
1
Pt

(
Yt
θt

)
W ρ

t

∫ 1
0

1

Cht−ηθt
∫ 1
0 Ñ1+χ

qt dq
dh

] . (C.43)

Now, if we momentarily assumed that wages were flexible, this wage-setting condition would

collapse to the following, recalling that Nt ≡ Yt/θt:

Wt =
ηρ(1 + χ)

ρ− 1
θtN

χ
t Pt.

Further noting that the mark-up rule on line 2.4 of the main text can be written as

PtθtNt =
γ

γ − 1
WtNt,
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we are then able to pin down the natural rate of employment as follows:

Nt =

[
ρ− 1

ηρ(1 + χ)

γ − 1

γ

]1/χ
≡ N̄.

With this last expression in hand, it is then straightforward to show that the wage-setting condition

on line C.43 linearizes as follows after using the mark-up rule to eliminate the aggregate wage rate:

π̂t = λEWS
t−1 (N̂t) + EWS

t−1 (π̂t)− θ̂t,

where λ ≡ χ/(1 + ρχ), as claimed in the main text.

Implications for the policy problem. Under the Phillips curve above, private-sector expecta-

tions are now given by the following under KLT:

Ek
t−1(π̂t) = (1− λϕt)

k−1(π̂t−1 + λN̂t−1)

Ek
t−1(N̂t) = −ϕt(1− λϕt)

k−1(π̂t−1 + λN̂t−1).

As a result, realized inflation and employment outcomes are now given by:

π̂t = (1− λϕt)
k(π̂t−1 + λN̂t−1)− θ̂t

N̂t = −ϕt[(1− λϕt)
k(π̂t−1 + λN̂t−1)− θ̂t].

So, if we define xt ≡ π̂t + λN̂t, then the central bank’s expected lifetime losses can now be

written as

ERE
t−1

[ ∞∑
τ=0

βτ
CB(π̂

2
t+τ + µN̂2

t+τ )

]
= ERE

t−1

[ ∞∑
τ=0

βτ
CB(1 + µϕ2

t+τ )
[
(1− λϕt+τ )

2kx2t+τ−1 + σ2
θ

]]
,

while the law of motion for the overheating measure can be written as

xt = (1− λϕt)[(1− λϕt)
kxt−1 − θ̂t].

Further defining µ̃ ≡ µ/λ2 and ϕ̃t ≡ λϕt, this program finally collapses to the form claimed in the
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main text – i.e., policy-makers choose ϕ̃t to minimize

ERE
t−1

[ ∞∑
τ=0

βτ
CB(1 + µ̃ϕ̃2

t+τ )
[
(1− ϕ̃t+τ )

2kx2t+τ−1 + σ2
θ

]]
, (C.44)

subject to the following constraint:

xt = (1− ϕ̃t)[(1− ϕ̃t)
kxt−1 − θ̂t]. (C.45)

D Numerical solution algorithm

For a given set of parameters, we convert the policy problem derived at the end of the preceding

section to a Bellman equation that we then solve by value function iteration. Briefly, this involves

the following five steps:

1. Fix some grid XG of values for the state variable xt−1;

2. Make some guess on the values that the central bank’s value function takes at each xt−1 ∈ XG;

3. Use a fine grid search to find the central bank’s implied optimal choice on ϕ̃t at each xt−1 ∈

XG, evaluating any relevant expectations using a combination of Gauss-Hermite quadrature

and linear interpolation – i.e.,

ϕ̃∗(xt−1) ∈ arg min
ϕ̃t∈Φ̃



(
1+µ̃ϕ̃2

t

) [(
1− ϕ̃t

)2k
x2t−1 + σ2

θ

]

+βG
∑N

n=1 ωnV

[(
1− ϕ̃t

)k+1
xt−1 −

(
1− ϕ̃t

)
θ̂n

]


,

where Φ̃ is a fine grid; {ωn}Nn=1 and {θ̂n}Nn=1 respectively denote the weights and nodes of an

N -point quadrature rule approximating a normal shock with mean zero and variance σ2
θ ; and

V (·) denotes a linear interpolant constructed from our current guesses on the central bank’s

value function;

4. For each xt−1 ∈ XG, use ϕ̃∗(xt−1) from our previous step to update our guess on the value

that the central bank’s value function takes at the grid point in question;

5. Repeat steps three and four until successive guesses fall within some small tolerance of one

another.
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Further details on this algorithm and the accuracy of the solution it delivers are available on request.

E Hybrid Phillips curves

In this section, we explore how the results in the main text generalize to the case where the labour

market is supplied by a mix of adaptive wage-setters and wage-setters with more sophisticated

expectations, thus giving rise to a hybrid Phillips curve.

As a first step in this direction, we revisit the wage-setting condition for union s ∈ [0, 1], as

given on line 2.10 of the main text. To linearize this expression, we first define P ∗
t ≡ exp(π∗)Pt−1

as the price level consistent with achieving the inflation target in period t, then invert the mark-up

rule on line 2.4 to define W ∗
t ≡ P ∗

t θt−1(γ− 1)/γ as the implied aggregate wage rate, conditional on

no productivity shock arriving in the current period. In this case, equation (2.10) can be linearized

as follows:

Ŵst = EWS(s)
t−1 (π̂t + N̂t), (E.46)

where Ŵst ≡ lnWst − lnW ∗
t denotes the wage gap for the union in question. Combining this result

with the previously noted mark-up rule and the expression for the aggregate wage rate on line 2.2,

we get to a Phillips curve of the form

π̂t =

∫ 1

0
EWS(s)
t−1 (π̂t + N̂t)ds− θ̂t. (E.47)

With this expression in hand, we assume that a share of the economy’s wage-setters are adaptive

in the sense that they form expectations in the way described in Subsection 3.1.2. Letting α ∈ (0, 1)

denote this share, we then entertain two cases below: one where all non-adaptive wage-setters are

fully rational, and one where all non-adaptive wage-setters are level-k thinkers. Our main goal will

be to show that the former case does not give rise to pivots, while the latter does.

Case one: mixing adaptive and rational wage-setters. Assuming first that all non-adaptive

wage-setters are fully rational, we reach a hybrid Phillips curve of the form

π̂t = αxt−1 + (1− α)ERE
t−1(π̂t + N̂t)− θ̂t, (E.48)

where xt−1 ≡ π̂t−1 + N̂t−1, as in the main text. Combining this expression with the policy rule on
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line 2.14 then allows us to pin down the expectations of rational wage-setters:

ERE
t−1(π̂t + N̂t) =

(1− ϕt)α

1− (1− ϕt)(1− α)
xt−1,

leading to a final Phillips curve of the form

π̂t =
α

1− (1− ϕt)(1− α)︸ ︷︷ ︸
≡A(ϕt)

xt−1 − θ̂t. (E.49)

Using this expression, our goal will now be to show that no pivots emerge under this hybrid

Phillips curve, despite its superficially resembling the LKT-based curve considered in the main text

to the extent that they both combine elements of forward- and backward-looking expectations. To

do so, we focus on the case of a myopic central bank (i.e., βCB → 0), for which it is possible to

establish this result analytically. In particular:

Lemma E.4. Suppose that the central bank is myopic and faces the Phillips curve on line E.49, so

that ϕt is chosen to minimize

ERE
t−1(π̂

2
t + µN̂2

t ) = (1 + µϕ2
t )[{A(ϕt)}2x2t−1 + σ2

θ ] ≡ L(ϕt, x
2
t−1). (E.50)

For any xt−1 ∈ R, this program is solved at a unique local minimum, ϕ∗(x
2
t−1) ∈ [0,∞), and this

minimum varies smoothly with x2t−1.

Proof. Fix some xt−1 ∈ R and note that

0.5L1(ϕt, x
2
t−1) =

α2[αµϕt − (1− α)]

[α+ (1− α)ϕt]3
x2t−1 + µϕtσ

2
θ ,

so L1(0, x
2
t−1) ≤ 0, but L1(ϕt, x

2
t−1) > 0 whenever ϕt ≥ (1 − α)/(αµ) ≡ ϕA. Since the function

L1(·, x2t−1) is continuous over the positive half of the real line, we can conclude that there exists at

least one ϕ∗(x
2
t−1) ∈ [0, ϕA) at which it equals zero. However, if this is the case, then we must have

α2x2t−1

µσ2
θ

=
ϕ∗(x

2
t−1)[α+ (1− α)ϕ∗(x

2
t−1)]

3

(1− α)− αµϕ∗(x2t−1)︸ ︷︷ ︸
≡f [ϕ∗(x2

t−1)]

,

which readily implies f ′[ϕ∗(x
2
t−1)] > 0. Conclude that ϕ∗(x

2
t−1) must represent a unique local
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minimum and must be continuous in x2t−1, as claimed.

Case two: mixing adaptive wage-setters with level-k thinkers. Next let us suppose that

all non-adaptive wage-setters are level-k thinkers. More specifically, we assume that each of these

wage-setters understands that adaptive wage-setters account for a share α of the labour market,

but they reason about the behaviour of the complementary share 1−α using level-k thinking. This

leads to a Phillips curve of the form

π̂t = αxt−1 + (1− α)Ek
t−1(xt)− θ̂t,

where the expectation Ek
t−1(xt) is formed by iterating on the following two equations for each

k̃ ∈ {1, 2, . . . , k}:

Ek̃
t−1(π̂t) = αxt−1 + (1− α)Ek̃−1

t−1 (xt)

Ek̃
t−1(N̂t) = −ϕtEk̃

t−1(π̂t).

Assuming that the non-adaptive wage-setters all start their reasoning from a benchmark of the

usual form E0
t−1(ẑt) = ẑt−1 ∀z ∈ {π,N}, this recursion implicitly defines a coefficient B(ϕt) with

the property that Ek
t−1(xt) = B(ϕt)xt−1.

With this coefficient in hand, we can now express the central bank’s expected losses in a given

period as

ERE
t−1(π̂

2
t + µN̂2

t ) = (1 + µϕ2
t )[{α+ (1− α)B(ϕt)}2x2t−1 + σ2

θ ]. (E.51)

So, if we continue assuming that the central bank is myopic, then ϕt should be chosen to minimize

this objective. Numerical solutions to this program are given in Figure 12 for several illustrative

calibrations and a range of values for the state variable xt−1. As under LKT, pivots emerge when

the policy preference parameter µ is sufficiently large (middle panel) and the parameter k is positive

but sufficiently small (right-hand panel).

F Econometric learning

In this section, we revisit the very simple form of adaptive expectations considered in the main

text, replacing equation (3.16) with more sophisticated backward-looking rules that embody various
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Figure 12: Optimal pivots with a mix of adaptive wage-setters and level-k thinkers

Notes. The panels depict the policy stance that globally minimizes the loss function on line E.51
for a range of values for the state variable xt−1 and various cases involving different values for
the parameters α, µ, and k. Except where otherwise indicated, the parameter values assumed are
(α, µ, k, σ2

θ) = (0.25, 10, 1, 1).

forms of econometric learning. When doing so, we will entertain two distinct cases: one where wage-

setters rely exclusively on econometric learning to form their expectations, and another where

they use econometric learning to form a set of initial guesses that they then refine using LKT.

Together, these two cases echo the two distinct roles that adaptive expectations played in the

analysis presented in the main text, allowing us to disentangle the effects of learning in isolation

from those of interactions between learning and the LKT mechanism. In both cases, we will focus

on the version of the model laid out in Section 4, with a non-myopic central bank and a generalized

Phillips curve of the form

π̂t = λEWS
t−1 (N̂t) + EWS

t−1 (π̂t)− θ̂t.

Case one: a “learning only” benchmark. As a starting point, we replace equation (3.16) with

a gain-based learning rule of the form

EWS
t (ẑt+1) = EWS

t−1 (ẑt) + gt
[
ẑt − EWS

t−1 (ẑt)
]
,∀z ∈ {π,N}, (F.52)

where gt is a gain rate that we will allow to take two distinct forms: a constant-gain specification

under which we fix gt at some value g ∈ (0, 1), and a decreasing-gain specification under which

gt = g/t.
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In either case, the central bank’s expected lifetime losses can be expressed as

ERE
t−1

[ ∞∑
τ=0

βτ
CB(π̂

2
t+τ + µN̂2

t+τ )

]
= ERE

t−1

[ ∞∑
τ=0

βτ
CB(1 + µϕ2

t+τ )
[
[EWS

t+τ−1(xt+τ )]
2 + σ2

θ

]]
, (F.53)

while the law of motion for the state variable EWS
t−1 (xt) can be written as

EWS
t (xt+1) = EWS

t−1 (xt)− gt

[
λϕtEWS

t−1 (xt) + (1− λϕt)θ̂t

]
. (F.54)

The relevant policy problem thus involves choosing ϕt to minimize (F.53), subject to (F.54) and

the equation governing the gain rate.

By appropriately adapting the solution algorithm described in Section D, we are able to solve

this problem for a range of parameterizations. Figure 13 plots the implied relationship between

the optimal policy stance and the state variable EWS
t−1 (xt) for several illustrative calibrations under

which we entertain different assumptions on the gain rate while fixing all other parameters at the

same values used for the baseline calibration laid out the main text. More specifically, the left-hand

panel in Figure 13 reports results for cases involving constant gain rates of g = 0.05 and g = 0.15,

both in the range suggested by empirical estimates from Branch and Evans (2006), Milani (2007,

2014), and Carvalho et al. (2023). In contrast, the right-hand panel of Figure 13 focuses on a

decreasing-gain specification under which g = 0.15, with snapshots at t = 1, t = 3, t = 10, and

t = 50.

Several observations regarding Figure 13 are in order. The first and most important is that

pivots do not occur under any of the parameterizations considered: while the optimal policy stance

consistently increases with the “expected overheating” measure EWS
t−1 (xt), the relationship is always

smooth. At the same time, higher values for the gain rate are consistently associated with a tighter

policy stance, reflecting the fact that policymakers have a stronger incentive to tighten when they

are able to exert greater influence over expectations. In the case of a decreasing-gain specification,

this means that the policy stance should fall over time, all else being equal, approaching a “full

look-through” value of zero as t → ∞ and gt → 0. Comparing the two panels, we also note that

in cases where the decreasing- and constant-gain specifications coincide in terms of the currently

prevailing gain rate gt, the optimal policy stance tends to be higher under the decreasing-gain

specification. This is because policymakers under this specification anticipate that their ability to

guide expectations will weaken over time, giving them more of an incentive to tighten in earlier
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Figure 13: Optimal policy stance under the “learning only” benchmark

Notes. The panels depict the policy stance that globally minimizes (F.53), subject to equation (F.54),
for a range of values for the state variable EWS

t−1(xt) and various assumptions on the gain rate process.
All unmentioned parameters have been set to their values under the baseline calibration laid out in the
main text.

periods.

Case two: mixing econometric learning with LKT. For this case, we assume that wage-

setters are level-k thinkers, but they start their reasoning from an initial guess based on some

form of econometric learning (rather than the simple adaptive benchmark considered in the main

text). For each z ∈ {π,N}, this means that expectations at level zero evolve according to a

gain-based learning rule of the form

E0
t (ẑt+1) = E0

t−1(ẑt) + gt[ẑt − E0
t−1(ẑt)],

which then provides the starting point for k rounds of LKT – e.g.,

EWS
t−1 (xt) = (1− λϕt)

kE0
t−1(xt).

Since the structure of the model is otherwise unchanged relative to Section 4, this leads to the

following expression for the central bank’s expected lifetime losses:

ERE
t−1

[ ∞∑
τ=0

βτ
CB(π̂

2
t+τ + µN̂2

t+τ )

]
= ERE

t−1

[ ∞∑
τ=0

βτ
CB(1 + µ̃ϕ̃2

t+τ )
[
(1− ϕ̃t+τ )

2k[E0
t+τ−1(xt+τ )]

2 + σ2
θ

]]
, (F.55)
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where (µ̃, ϕ̃t) ≡ (µ/λ2, λϕt), as in the main text. At the same time, the law of motion for the state

variable E0
t−1(xt) can be written as

E0
t (xt+1) = E0

t−1(xt)− gt[{1− (1− ϕ̃t)
k+1}E0

t−1(xt) + (1− ϕ̃t)θ̂t], (F.56)

so the relevant policy problem involves choosing ϕ̃t to minimize (F.55), subject to (F.56) and the

equation governing the gain rate gt.

For the gain rate, we will entertain the same constant and decreasing specifications consid-

ered earlier. Results for several parameterizations of the constant-gain specification are given in

Figure 14, assuming that all unmentioned parameters take the same values as under the baseline

calibration laid out in the main text. Figure 15 then repeats for the case of a decreasing gain rate.

Several observations regarding these figures are in order. Unlike the “learning only” benchmark

discussed earlier, pivots now re-emerge as a feature of optimal policy for several of the parameteriza-

tions considered. The conditions under which this occurs are qualitatively in line with the analysis

presented in the main text, with pivots more likely to occur when k is low (middle panels of both

figures) and µ̃ ≡ µ/λ2 is high (right-hand panels of both figures). The left-hand panel of Figure 15

also suggests a tendency for pivots to emerge over time under a decreasing-gain specification. This

is because it is very costly for the central bank to delay tightening if it faces off-target expectations

in the early periods of a decreasing-gain regime, since these are periods when gt = g/t is falling

rapidly and the central bank’s ability to influence expectations is thus rapidly weakening. As a

result, pivots only tend to occur when t is sufficiently high under the decreasing-gain specification.

Moreover, the results reported for the case t = 1000 in the left-hand panel of Figure 15 suggest

that pivots remain a feature of the optimal policy profile even when the gain rate has decreased to a

level negligibly close to zero. This is another point of contrast with the “learning only” benchmark

from earlier and reflects the fact that the central bank can have “purely static” incentives to engage

in pivots when k ≥ 1, as explained in Section 3 of the main text – i.e., incentives that relate to

the contemporaneous impacts of pivots and thus hold even when the central bank can no longer

influence the law of motion for agents’ level-0 beliefs. Consistent with this reasoning, the threshold

value around which pivoting occurs in the above-noted case with t = 1000 is very close to the

corresponding threshold under the myopic benchmark analyzed in Figure 5 of the main text.
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Figure 14: Optimal policy stance when mixing constant-gain learning with LKT

Notes. The panels assume a constant gain rate and depict the policy stance that globally minimizes (F.55),
subject to equation (F.56), for a range of values for the state variable E0

t−1(xt). All unmentioned param-
eters have been set to their values under the baseline calibration laid out in the main text.

Figure 15: Optimal policy stance when mixing decreasing-gain learning with LKT

Notes. The panels assume a decreasing gain rate and depict the policy stance that globally mini-
mizes (F.55), subject to equation (F.56), for a range of values for the state variable E0

t−1(xt). All
unmentioned parameters have been set to their values under the baseline calibration laid out in the main
text.
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G Other potential specifications for level-0 beliefs

In this section, we note that the econometric learning rules laid out in Section F represent only one

of several ways that one could potentially deviate from the very simple specification of level-0 beliefs

considered in the main text. We will now consider several alternative specifications, including ones

where: (i) level-0 beliefs are “fully anchored” in the sense of being based on an assumption that

policymakers will succeed in closing the inflation and output gaps; and (ii) level-0 beliefs incorporate

some information on the current value of the supply shock.

To nest these and other interesting cases in a common framework, we will work with a modified

version of the “hybrid” economy laid out in Section E, with a myopic central bank, a unit-sloped

Phillips curve, and a partitioning of wage-setters into two distinct groups: a group of mass α ∈ [0, 1)

that is assumed to have adaptive expectations of the simple form considered in the main text; and

a complementary group of level-k ≥ 1 thinkers. However, we no longer assume that the level-

k thinkers necessarily start their reasoning from a simple adaptive benchmark. Instead, we will

assume the following:

• Before making their wage-setting decision, each level-k thinker s ∈ [α, 1] receives a signal

on the current value of the supply shock. This signal takes the form ζst = θ̂t + νst, where

νst ∼ N (0, σ2
ν) is a noise term that we assume to be distributed independently across wage-

setters and time.

• Based on this signal and the overheating measure from the previous period, xt−1, each s ∈

[α, 1] is assumed to start their reasoning from a level-0 guess of the form

E0
t−1(xt|ζst) = A0xt−1 −B0ζst,

where (A0, B0) ∈ R2 are parameters for which we will entertain a range of potential values;

and E0
t−1(·|ζst) is a level-0 expectation conditional on observing aggregate outcomes up to

t− 1, combined with the idiosyncratic signal ζst.

In this case, it is natural to fix some k̃ ∈ {0, 1, . . . , k} and conjecture that there exists some pair

(Ak̃, Bk̃) ∈ R2 such that a level-k̃ thinker would have expectations of the form

Ek̃
t−1(xt|ζst) = Ak̃xt−1 −Bk̃ζst (G.57)
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– i.e., the conjecture is correct by assumption at k̃ = 0, but otherwise needs to be verified. In either

case, we let W k̃
st denote the nominal wage rate that union s would select if it were a level-k̃ thinker,

allowing us to express the wage-setting condition on line 2.10 of the main text as follows:

Ŵ k̃
st = Ek̃

t−1(xt + θ̂t|ζst) (G.58)

= Ek̃
t−1(xt|ζst) + γζst (G.59)

= Ak̃xt−1 + (γ −Bk̃)ζst, (G.60)

where Ŵ k̃
st ≡ lnW k̃

st − lnW ∗
t , with W ∗

t defined as in Section E; γ ≡ σ2
ν/(σ

2
θ + σ2

ν) measures the

reliability of agents’ signals; and the equality on line G.59 follows from our continuing to assume

that agents are rational when forecasting fully exogenous variables (as we did in the main text).

Combining these results with lines 2.2 and 2.4 of the main text, and letting π̂k̃
t denote the inflation

gap that would prevail in an economy where all non-adaptive wage-setters are level-k̃ thinkers, we

find that the Phillips curve in such an economy would read as follows:

π̂k̃
t = αxt−1 +

∫ 1

α
Ek̃
t−1(xt + θ̂t|ζst)ds− θ̂t

= αxt−1 + (1− α)[Ak̃xt−1 + (γ −Bk̃)θ̂t]− θ̂t

= [α+ (1− α)Ak̃]xt−1 − [1− (1− α)(γ −Bk̃)]θ̂t.

Combining this expression with the policy feedback rule on line 2.14 of the main text and defining

xk̃t as the overall level of overheating in an economy where all non-adaptive wage-setters are level-k̃

thinkers, we get

xk̃t = (1− ϕt)[{α+ (1− α)Ak̃}xt−1 − {1− (1− α)(γ −Bk̃)}θ̂t].

Since this is the law of motion that would be perceived by a level-(k̃+ 1) thinker, this allows us to

verify the conjectured beliefs on line G.57. In particular, the relevant coefficients are given by the

following two recursions for any k̃ ∈ {1, 2, . . . , k}:

Ak̃ = (1− ϕt)[α+ (1− α)Ak̃−1] (G.61)

Bk̃ = γ(1− ϕt)[1− (1− α)(γ −Bk̃−1)]. (G.62)
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Using the implied solution at the top level k, we can then solve for actual outcomes in the model

economy, yielding the following expression for the central bank’s expected losses in a given period:

ERE
t−1(π̂

2
t + µN̂2

t ) = (1 + µϕ2
t )[{α+ (1− α)Ak}2x2t−1 + {1− (1− α)(γ −Bk)}2σ2

θ ]. (G.63)

A myopic central bank would thus choose its policy stance to minimize this objective, recognizing

that Ak and Bk are both implicitly dependent on ϕt, along with the parameters governing level-0

beliefs, (A0, B0), and the “signal quality” measure γ. We therefore use the remainder of this section

to solve this problem under various cases involving different assumptions on the values taken by

these and other key parameters. When doing so, our main goal will be to check if these cases lead

to situations where pivots can still emerge as a feature of optimal policy.

Case one: A0 ∈ [0,1], B0 = γ = 0. Under this case, level-0 beliefs are given by E0
t−1(xt) = A0xt−1

and thus correspond to a convex combination of the simple form of adaptive expectations considered

in the main text and a “fully anchored” benchmark. Numerical solutions to the implied policy

problem are given in Figure 16 for several illustrative calibrations under which k > 0.

More specifically, the left-hand panel of Figure 16 focuses on the consequences of varying A0

while holding the adaptive population share α at zero. In this case, pivots tend to occur at high

values for A0 but disappear as A0 → 0, since this limit leads to a situation where all wage-setters’

expectations are fully anchored, regardless of the choice on the policy stance. On the other hand,

the other panel of Figure 16 focuses on cases where A0 = 0 but α ≥ 0, so that expectations are fully

anchored among level-k thinkers, but policymakers may still have to be mindful of the presence

of some adaptive wage-setters. Results suggest that in this case pivots can re-emerge when the

adaptive population share α takes intermediate values, though they tend to disappear as α gets

close to one. This is consistent with our finding in the main text that pivots are never warranted

in an economy populated exclusively by adaptive types.

Case two: γ ∈ [0,1], A0 ∈ (0,1], B0 = 0. Under this specification, we allow wage-setters’ signals

to potentially be informative about the supply shock, but we assume that level-0 thinkers fail to

recognize that these signals may also convey information about endogenous aggregate outcomes.

This provides an intuitive benchmark under which level-0 thinkers incorporate partial-equilibrium

effects into their wage-setting decisions but fail to account for general-equilibrium effects. To see

this, note that equations (G.58) through (G.60) allow us to the write the wage-setting condition
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Figure 16: Optimal pivots with A0 ∈ [0, 1] and B0 = γ = 0

Notes. The panels depict the policy stance that globally minimizes the loss function on line G.63,
recognizing that the coefficients Ak and Bk are implicitly defined by the recursions on lines G.61 and G.62.
Unmentioned parameters have been set to (µ, k, σ2

θ) = (4.5, 1, 1).

for a level-0 thinker as follows when B0 = 0:

Ŵ 0
st = E0

t−1(xt + θ̂t|ζst)

= E0
t−1(xt|ζst) + γζst

= A0xt−1 + γζst.

Numerical solutions to the implied policy problem are given in Figure 17 for several illustrative

calibrations under which k > 0.

More specifically, the left-hand panel of Figure 17 explores the consequences of increasing the

parameter γ governing the reliability of agents’ signals, assuming that there are no adaptive types

in the economy (α = 0) and that other parameters take values such that pivots are optimal in the

“maximum noise” limit γ = 0. In this case, we find that pivots remain a feature of optimal policy

as we increase γ, though the threshold around which they occur tends to fall as γ → 1, eventually

approaching a situation where a very tight policy stance of ϕt = 1 is optimal for almost all values of

the past overheating measure xt−1. Intuitively, this is because wage-setters are able to fully offset
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the effects of the supply shock when γ = 1, leading to a situation where the only potential source

of losses that policymakers have to worry about is poor anchoring stemming from the assumption

that A0 > 0. As a result, the central bank opts to focus exclusively on anchoring expectations,

which calls for a consistently tight policy stance. To see this formally, note that the central bank’s

expected losses can be expressed as follows when (α, γ,B0) = (0, 1, 0):

ERE
t−1(π̂

2
t + µN̂2

t ) = (1 + µϕ2
t )(1− ϕt)

2k(A0xt−1)
2,

implying a unique minimum at ϕt = 1 whenever xt−1 is non-zero. This suggests that the central

bank still has an important role to play in avoiding coordination failures even when γ = 1, though

in this special case the role no longer involves pivots.

In contrast, the right-hand panel of Figure 17 fixes γ = 1 and explores the consequences of

increasing the adaptive population share α (and thus re-introducing a non-trivial trade-off between

looking through supply shocks and managing inflation expectations). Results suggest that pivots

can re-emerge in this case, assuming that α takes intermediate values. In other words, allowing for

some measure of adaptive wage-setters – as is commonly assumed in the New Keynesian literature

– can lead to a situation where pivoting is optimal even in the limit where the signals received by

non-adaptive wage-setters are fully revealing.

H Alternative models of bounded rationality

H.1 Reflective expectations

The reflective expectation concept was developed by Garćıa-Schmidt and Woodford (2019) and is

similar to LKT, except that the reasoning underlying agents’ expectations is assumed to involve a

continuous process rather than discrete steps.

As under LKT, agents with reflective expectations are assumed to form their expectations by

making guesses on the expectations of others and updating those guesses based on the aggregate

outcomes that their current guesses would imply if true. However, rather than involving a finite

number of discrete updates, the process is assumed to occur at an infinite number of points along

a continuum [0, k], updating their beliefs smoothly around each point therein.

To get more specific, fix some wage-setter s ∈ [0, 1] at some point k̃ ∈ [0, k] in his reasoning

process. Let π̂g(k̃) denote his guess on the inflation expectations of others at this point – i.e.,
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Figure 17: Optimal pivots with γ ∈ [0, 1] and (A0, B0) = (1, 0)

Notes. The panels depict the policy stance that globally minimizes the loss function on line G.63,
recognizing that the coefficients Ak and Bk are implicitly defined by the recursions on lines G.61 and G.62.
Unmentioned parameters have been set to (µ, k, σ2

θ) = (20, 2, 1).

his current guess is that EWS(s̃)
t−1 (π̂t) = π̂g(k̃) ∀s̃ ∈ [0, 1] ∖ {s}. Define N̂g(k̃) analogously and let

[π̂o(k̃), N̂o(k̃)] denote the outcomes that would obtain on average if these guesses were true – that

is:

π̂o(k̃) = π̂g(k̃) + N̂g(k̃)

N̂o(k̃) = −ϕt[π̂
g(k̃) + N̂g(k̃)].

For each z ∈ {π,N}, we assume that updating is governed by a differential equation of the form

dẑg(k̃)

d(k̃)
= ẑo(k̃)− ẑg(k̃)

– i.e., guesses are updated in the direction of the aggregate outcomes that they would imply if true.

If we define xg(·) ≡ π̂g(·) + N̂g(·), then this problem collapses to a single differential equation

of the form
dxg(k̃)

dk̃
= −ϕtx

g(k̃), (H.64)

which we will solve subject to the “adaptive” initial conditional xg(0) = xt−1. This yields a solution
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of the form xg(k̃) = exp(−k̃ϕt)xt−1. Since all wage-setters are assumed to stop updating at the

final level k, this means that they ultimately share common expectations of the form

EWS
t−1 (xt) = exp(−kϕt)xt−1. (H.65)

Assuming ϕt > 0, RE and AE are thus respectively nested as the special cases k → ∞ and k = 0,

as was the case under LKT. Since
∣∣∣dEWS

t−1(xt)

dϕt

ϕt

EWS
t−1(xt)

∣∣∣ = kϕt, another key commonality with LKT is

that private-sector expectations are more sensitive to changes in the policy stance when ϕt is high.

Turning to actual inflation outcomes, they are given by the following expression when expecta-

tions take the form on line H.65:

π̂t = exp(−kϕt)xt−1 − θ̂t.

Combining this expression with the central bank’s feedback rule, we find that policy-makers’ ex-

pected losses in period t are given by

ERE
t−1(π̂

2
t + µN̂2

t ) = (1 + µϕ2
t )
[
exp(−2kϕt)x

2
t−1 + σ2

θ

]
, (H.66)

so a myopic central bank will choose ϕt to minimize this objective. Figure 18 depicts numerical

solutions to this problem for several illustrative calibrations and a range of values for the state

variable x2t−1. As under LKT, pivots emerge when the policy preference parameter µ is sufficiently

large (left-hand panel) and the parameter k is sufficiently small (right-hand panel).

H.2 Cognitive hierarchy

Cognitive hierarchies are a generalization of LKT that allows for heterogeneity in the sophistication

with which agents form their expectations. The concept was first developed by Camerer et al.

(2004).

In this subsection, we replace LKT with a cognitive hierarchy comprising k + 1 levels, where

k ∈ {1, 2, . . .}. Wage-setters at level k̃ = 0 have adaptive expectations of the same form described

in the main text. At any given higher level k̃ ∈ {1, 2, . . . , k}, wage-setters form their expectations

based on an assumption that all other wage-setters are on level (k̃ − 1) or lower. A wage-setter at

level k̃ = 1 thus believes that all other wage-setters are adaptive, while a wage-setter at level k̃ = 2

believes that the economy is populated by a mix of level-0 and level-1 wage-setters, etc.
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Figure 18: Optimal pivots with reflective expectations

Notes. The panels depict the policy stance that globally minimizes the loss function on line H.66 for a
range of values for the state variable x2

t−1 and various cases involving different values for the parameters
µ and k. The only remaining parameter σ2

θ has been normalized to one in both panels.

To get more specific, let f k̃ ≥ 0 denote the true share of wage-setters on level k̃ ∈ {0, 1, . . . , k},

while gk̃(
˜
k) denotes these wage-setters’ subjective belief on the share of wage-setters on the lower

level
˜
k ∈ {0, 1, . . . , k̃ − 1}. LKT would thus correspond to the special case where fk = 1 and

gk(k − 1) = 1. Instead, we will now leave the true distribution {f k̃}k̃∈{0,1,...,k} generic, though

we follow Camerer et al. in restricting wage-setters’ subjective beliefs to be consistent with this

distribution in the sense that

gk̃(
˜
k) =

f˜
k∑k̃−1

k̂=0
f k̂

∀
˜
k ∈ {0, 1, . . . , k̃ − 1} and all k̃ ∈ {1, 2, . . . , k} s.t.

k̃−1∑
k̂=0

f k̂ > 0.21

For technical reasons that will become clear in a moment, it will also be convenient to define

gk+1(
˜
k) ≡ f˜

k ∀
˜
k ∈ {0, 1, . . . , k}.

With these assumptions and conventions in hand, we introduce some notation. For each k̃ ∈

{0, 1, . . . , k}, let W k̃
t denote the nominal wage set by wage-setters on level k̃. At the same time,

let W
k̃
t denote the aggregate wage that would prevail in a counterfactual economy in which the

distribution of wage-setters is given by {gk̃+1(
˜
k)}

˜
k∈{0,1,...,k̃} – i.e., the counterfactual economy is

one in which the most sophisticated wage-setters are on level k̃, with population shares for them

21If instead
∑k̃−1

k̂=0
f k̂ = 0, we adopt a convention that gk̃(

˜
k − 1) = 1 – i.e., wage-setters at level k̃ in the cognitive

hierarchy have the same expectations as would level-k̃ wage-setters under LKT.
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and all lower-level wage-setters proportional to the corresponding population shares in the true

economy. It will also be useful to let P k̃
t and π̂k̃

t ≡ lnP k̃
t − lnPt−1−π∗ respectively denote the price

level and inflation gap prevailing under the counterfactual that we just described, and to define the

following normalized analogues for W k̃
t and W

k̃
t :

(
wk̃
t , w

k̃
t

)
≡

 W k̃
t

exp(π∗)Pt−1θt−1

γ − 1

γ
,

W
k̃
t

exp(π∗)Pt−1θt−1

γ − 1

γ

 . (H.67)

Under this notation, wage-setters at level k̃ ∈ {1, 2, . . . , k} believe that the aggregate nominal

wage and price level will respectively be given by Wt = W
k̃−1
t and Pt = P k̃−1

t . This leads to the

following recursion:

Lemma H.5. Wages in successive counterfactual economies are linked by the following expression,

which holds up to second- and higher-order terms:

lnwk̃
t =

1− ϕt
f k̃∑k̃

˜
k=0 f˜

k

 lnwk̃−1
t ,

where k̃ ∈ {1, 2, . . . , k}, with w0
t = exp(xt−1).

Proof. Fix some k̃ ∈ {0, 1, . . . , k}. Based on the wage-setting condition on line 2.10 of the main

text, we know that

lnW k̃
t = ln

(
ρη

ρ− 1

)
+ Ek̃

t−1(lnPt) + Ek̃
t−1(lnNt) + Ek̃

t−1(ln θt),

up to second- and higher-order terms associated with Jensen’s inequality. Combining this expression

with the normalization on line H.67 and the random walk property of θt then yields

lnwk̃
t = Ek̃

t−1(π̂t + N̂t). (H.68)

So, if k̃ = 0, we immediately have w0
t = w0

t = exp(xt−1) > 0 as claimed.

Suppose instead that k̃ ∈ {1, . . . , k} and fix some generic W
k̃−1
t > 0. In this case, we have

Ek̃
t−1(N̂t) = −ϕtEk̃

t−1(π̂t), so equation (H.68) collapses to the following:

lnwk̃
t = (1− ϕt)Ek̃

t−1(π̂t). (H.69)
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Note here that wage-setters at level k̃ in the cognitive hierarchy believe that prices are given by

Pt = P k̃−1
t =

γ

γ − 1

W
k̃−1
t

θt
.

After accounting for the normalization on line H.67, this means that level-k̃ wage-setters believe

that inflation is given by

π̂t = π̂k̃−1
t = ln

(
wk̃−1

t

θt/θt−1

)
,

yielding

Ek̃
t−1(π̂t) = lnwk̃−1

t ,

again up to second- and higher-order terms. Equation (H.69) thus finally becomes

lnwk̃
t = (1− ϕt) lnw

k̃−1
t . (H.70)

At this point, it is useful to note that the expression for the aggregate wage on line 2.2 of the

main text can be re-written as follows:

(
wk̃

t

)1−ρ
=

1− f k̃∑k̃

˜
k=0 f˜

k

(wk̃−1
t

)1−ρ
+

 f k̃∑k̃

˜
k=0 f˜

k

(wk̃
t

)1−ρ
. (H.71)

Based on this expression, line H.70, and our previous finding that w0
t = exp(xt−1), we can conclude

that wk̃
t = wk̃−1

t = wk̃
t = 1 when xt−1 = 0. Linearizing equation H.71 around this point and using

line H.70 to eliminate wk̃
t from the resulting expression then gives the recursion being claimed.

This lemma implicitly defines a function w(·, ·) satisfying wk
t = w (ϕt, xt−1) for arbitrary values

for ϕt and xt−1. Given this function, the inflation gap in the true economy is given by

π̂t = π̂k
t = ln

[
w (ϕt, xt−1)

θt/θt−1

]
.

Combining this expression with the central bank’s feedback rule, we find that policy-makers’ ex-

pected losses in period t are given by

ERE
t−1(π̂

2
t + µN̂2

t ) = (1 + µϕ2
t )
[
[ln {w (ϕt, xt−1)}]2 + σ2

θ

]
, (H.72)
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and that a myopic central bank would thus choose ϕt to minimize this objective.

Figure 18 depicts numerical solutions to this problem for several illustrative calibrations and a

range of values for the state variable x2t−1. The left-hand panel indicates that pivots emerge when

the policy preference parameter µ is sufficiently large, as under LKT and reflective expectations.

On the other hand, the right-hand panel focuses on the consequences of varying the distribution

of wage-setters across the cognitive hierarchy and specifically assumes that k = 4, corresponding

to the top of the range considered in Farhi and Werning (2019). Given this upper bound on wage-

setters’ sophistication, the blue line in the panel assumes population weights (f0, f1, f2, f3, f4) =

(1/3, 1/3, 1/3, 0, 0), yielding an “average k” of one. In contrast, the magenta and red lines respec-

tively assume (f0, f1, f2, f3, f4) = (1/4, 1/4, 1/4, 1/4, 0) and (f0, f1, f2, f3, f4) = (0, 1/4, 1/4, 1/4, 1/4).

Comparing the results for these three cases, we see that pivots only occur for sufficiently low levels

of sophistication, again as under LKT and reflective expectations.

Moreover, comparing equation (H.72) against its analogues under LKT (equation 3.22) and re-

flective expectations (equation H.66), we see that the term ln [w (ϕt, xt−1)] in equation (H.72) plays

a role analogous to the private sector’s expected level of overheating under the other two models

and effectively represents an aggregate of the expectations distributed across the cognitive hierar-

chy. Though the elasticity of this term with respect to the policy stance is difficult to characterize

analytically, it can be approximated using finite differences and is depicted in Figure 20 for an

illustrative parameterization and a range of values for ϕt. As under LKT and reflective equilibria,

the (unsigned) elasticity is found to be increasing in ϕt, suggesting that cognitive hierarchies share

the other two models’ property that the policy-relevant measure of private-sector expectations is

more sensitive to changes in the policy stance when ϕt is high.

I Oil price shocks as productivity shocks

One of the objectives of this paper has been to examine optimal monetary policy when an economy

faces supply-side shocks, with oil price shocks being one especially relevant example. However, in

the model, the only source of uncertainty is a productivity shock. We therefore use this section to

establish an equivalence between oil price shocks and productivity shocks in the context of a small,

oil-importing economy.
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Figure 19: Optimal pivots with cognitive hierarchies

Notes. The panels depict the policy stance that globally minimizes the loss function on line H.72 for a
range of values for the state variable x2

t−1 and various cases involving different values for the parameter
µ and the distribution of wage-setters across the cognitive hierarchy. The left-hand panel assumes k = 3,
with equal population shares at all four levels in the implied hierarchy. The right-panel assumes (µ, k) =
(6, 4), with population shares of the form described in the main text. The only remaining parameter σ2

θ

has been normalized to one in both panels.

Figure 20: Sensitivity of ln [w (ϕt, xt−1)] to changes in the policy stance under cognitive hierarchies

Notes. The profile depicted is invariant to the value assumed for the state variable xt−1. The other values
assumed in the figure are (µ, k, σ2

θ) = (6, 4, 1), and (f0, f1, f2, f3, f4) = (1/4, 1/4, 1/4, 1/4, 0).
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Let the gross output of this economy be given by

Qt = F (ZtNt, Ot), (I.73)

where Zt is a labour-augmenting productivity factor; Nt is a labour input; Ot is an oil input; and

the function F (·, ·) is assumed to be strictly concave in both its arguments, and to exhibit constant

returns to scale (CRS) in these two arguments. The corresponding value-added function is

Yt
Nt

= F

(
Zt,

Ot

Nt

)
− PO

t

Ot

Nt
,

where PO
t denotes the price of a unit of oil. Note here that we have used the CRS property of F

to write the value-added function in per-worker terms.

The implied first-order condition with respect Ot reads as

F2

(
Zt,

Ot

Nt

)
= PO

t ,

where F2(·, ·) denotes the derivative of F with respect to its second argument. Moreover, since F

is CRS in its two arguments, we have

F2

(
Zt,

Ot

Nt

)
= F2

(
1,

Ot

ZtNt

)
= f ′

(
Ot

ZtNt

)
,

where f(·) ≡ F (1, ·), and thus f ′′(·) < 0. As a result, the first-order condition above can be

re-written as a downward-sloping oil demand curve of form

Ot

Nt
= Zt(f

′)−1(PO
t ). (I.74)

Plugging this demand curve back into the value-added production function then gives

Yt = NtZth(P
O
t ),

where h(PO
t ) ≡ f [(f ′)−1(PO

t )]− PO
t (f ′)−1(PO

t ) and thus

h′(PO
t ) = −(f ′)−1(PO

t ) < 0.
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Defining θt ≡ Zth(P
O
t ), we finally get a value-added production function of the form

Yt = θtNt, (I.75)

where labour productivity θt is a decreasing function of the oil price PO
t .
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