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1. Introduction

European integration in the post-WW2 era began with greater openness in goods markets

and proceeded over time to the liberalization of markets in services, labor, and the particular

focus of our paper, finance. Capital market integration in Europe in the early 2000s took

the form of a Northern “core” of economies intermediating debt purchases, from their own

savers and from the rest of the world, to help a Southern “periphery” of economies finance

their large current account deficits with respect to the rest of the world (Chen et al., 2012).1

But financial integration came with financial frictions. As Europe slid into crisis from

2009 onwards, there was a substantial reversal in North-to-South lending, as the value of

the collateral backing the lending was downgraded: firstly, as Giavazzi and Spaventa (2010)

observed, tradable output in periphery economies had not kept pace with external debt

repayment needs;2 and secondly, the price of collateralizable nontradable assets in the pe-

riphery, such as housing, also declined. As a result, the periphery’s current account deficits

shrank and turned into surpluses. Using the Calvo et al. (2004) methodology, Merler and

Pisani-Ferry (2012) established that the decline in private capital flows into the periphery

was severe enough to be classified a “sudden stop.”3 Subsequent analyses using structural

models by Martin and Philippon (2014) and Gourinchas et al. (2016) have supported this

finding. The impact of financial constraints in the periphery was partially cushioned by low

interest rates, the Target 2 mechanism, and new debt-repurchase facilities introduced by the

European Central Bank, and by sovereign bailouts from the International Monetary Fund

and European supranational institutions.

In this paper, we draw on Europe’s experience to build a model of an “imperfect financial

union”—a group of politically-sovereign countries whose debt markets are integrated but

suffer from a collateral-based repayment friction.4 These countries are divided into core

and periphery regions, with the former lending to the latter because of heterogeneity: the

periphery begins with higher inherited debt and/or lower initial endowments. We show that

1Specifically, the authors find that a large portion of this financing occurred through cross-border inter-
bank lending and purchases of securities issued by governments and financial institutions.

2In an early analysis of the large current account deficits of Greece and Portugal, Blanchard and Giavazzi
(2002) interpreted them as a by-product of beneficial financial integration, while cautioning that nontradable
goods prices would fall when external debt was eventually repaid. Taking stock eight years later, Giavazzi
and Spaventa (2010) warned that the external debt repayment problem would be more severe than had been
expected: in their view, capital inflows into the periphery had been used for the consumption of tradable
goods and the production of nontradable goods, rather than for investment in the tradable goods sector.

3Using monthly data, Calvo et al. (2004) define a sudden stop as occurring when year-on-year private
capital inflows fall two standard deviations below their mean.

4This label is inspired by the terminology of Shambaugh (2012), who calls for the Eurozone to develop
into a “financial union”—a union of countries within which imperfections in private financial markets are
offset as much as possible by supranational financial institutions (such as Eurozone-wide deposit insurance,
common supervisors, and a common risk-free bond). Our approach in this paper is to assume that some
financial frictions still remain within the union (hence our addition of the word “imperfect”), and then to
examine supranational fiscal policies (e.g., inter-governmental loans, debt relief, and budget-neutral taxes
and subsidies) that can help manage such a union.
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sudden stops in the periphery depress the intra-union interest rate in general equilibrium,

and thereby affect the welfare of both core and periphery regions. The endogeneity of

the interest rate creates the potential for supranational fiscal policies to generate welfare

improvements in a novel manner. Given the politically sovereignty of countries, we restrict

our attention to policies that are Pareto-improving, benefiting each country in both the core

and the periphery. We eschew restrictions on intra-union capital flows because we take it as

given that financial integration is a pre-existing economic imperative.

The basic mechanism is as follows. Inspired by the literature on sudden stops, we assume

that all households in the union have a borrowing limit that is equal to a fraction of the value

of their future tradable and nontradable outputs. When households in the periphery wish

to issue a high level of debt to the core, and when the periphery’s nontradable goods price

is low, the periphery’s borrowing constraint binds, which we interpret as a union-wide crisis:

an entire region is suffering a sudden stop. If the intra-union interest rate is endogenous—for

example, the union is financially closed, or households in the core intermediate funds from

the rest of the world to the periphery and earn a premium on such lending—it must decline

below the unconstrained level when sudden stops occur. Since the core is a lender region, a

decline in the interest rate constitutes a decline in the core’s intertemporal terms of trade,

and reduces the welfare of the core’s households relative to the unconstrained allocation. By

contrast, periphery households benefit if the constraint is moderately binding, but are worse

off if the constraint is severely binding.

Within this environment, there exist Pareto-improving interventions which reverse the

constraint-induced declines in interest rates and core-to-periphery lending. We examine two

interventions which both accomplish this objective but in rather different ways.

Firstly, a core-to-periphery governmental loan directly increases public capital flows but

it also reduces private capital flows (by a smaller amount), because the private sector bor-

rowing limit is tightened as a result of the fall in the nontradable goods price in the period

when the loan is repaid. The core is willing to subsidize this governmental loan, because

it increases the interest rate on private loans, which in turn benefits the core’s households.

The implementation of such a loan requires the periphery’s governments to have fiscal space,

i.e., an ability to commit to repay that gets around the private sector’s constraint.

Secondly, we consider an unconventional policy package of debt relief for the periphery

today combined with a commitment by the periphery’s governments to tax tradable con-

sumption and subsidize nontradable consumption in a budget-neutral manner in the future.

The commitment raises the future nontradable goods price and perhaps also nontradable

output, and thereby relaxes the private sector borrowing constraint immediately, boosting

private core-to-periphery capital flows. The associated increase in the interest rate benefits

the core because it is the lender region, and it can afford to share its welfare gains with the

periphery by offering the latter debt relief. Such a policy requires no commitment to repay

by the periphery’s governments, just a commitment to implement future fiscal policies.
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In section 2, we construct the simplest possible framework that captures the mechanisms

described above. Our financial union is endowment-based and has two periods. It features

the two regions North and South, each containing a continuum of countries. A common

riskless bond is freely traded within the union, but the union is financially closed to the rest

of the world (while being open to goods trade). Households in the Southern periphery start

off with some debt owed to the Northern core, and when the inherited debt is high, the

borrowing constraint binds throughout the South. In this simple model, both governmental

loans and the debt relief package can restore the first-best allocation. Bargaining via regional

coalitions is able to exploit all Pareto improvements, since the coalitions internalize the effects

of their actions on the interest rate in a way that individual countries do not.

Are crisis-time interventions also Pareto-improving from the perspective of earlier periods,

when borrowing constraints have yet to bind? In section 3, we show that the answer to this

question depends on the union’s degree of heterogeneity in pre-crisis times—i.e., how much

more of an endowment the North starts off with relative to the South. If heterogeneity is

low, the North rules out beforehand all interventions during crises, because interventions

cause higher Southern borrowing and lower Northern consumption in pre-crisis periods.

When heterogeneity is moderate or high, however, the ability of interventions to increase

the interest rate during crises more than compensates the North for the higher pre-crisis

Southern borrowing. Therefore, both regions agree beforehand to establish institutions that

can then provide governmental loans and debt relief during regional sudden stops.

How do the optimal policy interventions change when households in the union can borrow

from and lend to the rest of the world, and when output is produced instead of endowed?

In section 4, we extend our model to address both of these issues.

We show that if both North and South can issue debt to the rest of the world, but

there are tight limits on such borrowing, then the equilibrium of the model looks like the

environment described in Chen et al. (2012): the North intermediates funds from the rest of

the world to the South. In our model, the North earns a riskless premium on such lending,

and all of the above results continue to apply because the premium is endogenous.

In an environment where tradable and nontradable goods are produced instead of en-

dowed, both the interventions described above now generate intratemporal distortions. The

governmental loan requires a tax on the South’s tradable output in the period of repayment,

which depresses tradable production, while the tax-and-subsidy portion of the debt relief

package causes excessive Southern production of nontradable output. Therefore, the inter-

ventions do not restore any first-best allocation, but instead trace out a second-best frontier.

Our general result is that both interventions are always used, each until the marginal re-

duction in the constraint-induced intertemporal distortion is equal to the marginal increase

in the policy-induced intratemporal distortion. Deviating from the second-best combination

of interventions reduces the welfare gains for both North and South. Excessive use of the

governmental loan generates an excessively large union-wide current account surplus, while

excessive use of the tax-subsidy intervention has the opposite effect.
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Related Literature. This paper draws on an extensive literature on borrowing constraints

and sudden stops in emerging markets.5 Closest to our paper are works by Jeanne and

Korinek (2013) and Benigno et al. (2013, 2016), which have moved beyond pre-crisis in-

terventions that reduce the risk of crises,6 to the kinds of policies that we focus on in this

paper: crisis-time interventions that make crises less painful. However, our results diverge

from those in the literature because of the change in setting: while most papers to date have

focused on an individual country facing an exogenous interest rate, we examine a contin-

uum of countries in a union with an endogenous interest rate. In Benigno et al. (2016),

a contemporaneous tax on tradable consumption and subsidy on nontradable consumption

improves welfare for a single borrower country facing an exogenous interest rate. In our

model, instead, when a continuum of borrower countries commit to implement such taxes in

the future, the interest rate increases, and as a result, it may be that lender countries benefit

more than borrower countries. For this reason, debt relief must generally be added to the

policy package in order to make sure that borrower countries are also better off.7

The way in which borrowing constraints depress the interest rate in our model is con-

sistent with a growing body of research on debt deleveraging episodes, encompassing both

closed-economy and open-economy frameworks.8,9 This literature often assumes that prices

are sticky and that there is a zero lower bound on interest rates. In such an environment,

fiscal transfers, debt relief, or simply higher fiscal spending in the core, can generate import

and export demand spillovers between core and periphery and raise the interest rate above

the zero lower bound. Relative to this literature, our use of a flexible-price framework sets

aside the zero lower bound issue, and shifts focus from intra-union trade spillovers to intra-

union financial spillovers. In our core-periphery model, the interest rate reflects the core’s

intermediation return from financing consumption in the periphery—even if all of the pe-

riphery’s imports come from the rest of the world. Pareto improvements then involve raising

the interest rate while providing some compensation to the periphery for this change.10

5In addition to the papers already referenced above, see Dornbusch et al. (1995), Calvo (1998), Caballero
and Krishnamurthy (2001), Mendoza (2002, 2006), Mendoza and Smith (2006), Bianchi (2010), Jeanne and
Korinek (2010), and Korinek and Mendoza (2014). These papers have introduced a variety of borrowing
constraints based on the value of tradable output, nontradable output, and capital.

6Such policies include capital inflow taxes, capital controls, and macroprudential measures.
7We later emphasize that this tax-and-subsidy policy combination works not because of its support of

the real exchange rate per se, but because it supports the price of collateralizable nontradable goods and/or
assets in borrower countries.

8In the closed-economy literature, an early work with collateral constraints based on housing values is
Iacoviello (2005). More recent papers, which have incorporated inter alia the zero lower bound on interest
rates, include Guerrieri and Lorenzoni (2011), Midrigan and Phillippon (2011), Eggertsson and Krugman
(2012), and Korinek and Simsek (2016).

9For open-economy models, including models of countries inside monetary unions, see Benigno and Romei
(2012), Dogra (2014), Blanchard et al. (2015), and Fornaro (2016).

10Djajić et al. (1998) and Cremers and Sen (2009) show that inter-country transfers may benefit the
donor country by increasing the interest rate, under the condition that discount rates and/or elasticities
of intertemporal substitution in consumption differ between countries. In our model, by contrast, we show
that such transfers can increase the interest rate when preferences are identical between countries, but some
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Our focus on the financial aspects of integration and our assumption of flexible prices

separates our work from the literature on optimal currency areas. This substantial body

of research, initiated by Mundell (1961) in an era of global trade integration and limited

financial flows, focuses on asymmetric shocks to export demand within a currency union

that has (implicitly or explicitly) sticky prices.11 While exchange rate flexibility is generally

enough to restore post-shock Pareto efficiency in that literature, our results in this paper can

be interpreted as showing that it is no longer such a powerful instrument when intra-union

capital flows are large enough to trigger regional sudden stops.12 In this new environment,

inter-regional lending and debt relief institutions need to be built.

Finally, this paper is informed by the literature on European capital flows that has

emerged since the recent crisis.13 While some authors have proposed adding impediments

to capital flows,14 our work falls instead within the strand of papers which have examined

policies to stabilize economic activity while taking higher financial integration as given.15

2. A Simple Financial Union

The main contribution of this paper is the potential for Pareto-improving policies in a

financially-integrated union of countries, when the union is composed of heterogeneous re-

gions and one of those regions is experiencing a sudden stop. In this section, we build the

intuition for this result by proving it in a simple two-period financially-closed union contain-

ing endowment economies. In later sections, we generalize the result to models with more

periods, with financial openness of the union to the rest of the world, and with production.

All proofs of lemmas and propositions are contained in the appendix.

2.1. The Environment

Our financial union F has two regions i ∈ {N,S}, where N is the Northern core and S is the

Southern periphery. Each region is composed of a unit measure of countries j ∈ [0, 1], and

each country in turn contains a government and a unit measure of identical households who

consume tradable and nontradable goods. There also exist unmodeled countries outside the

financial union, in the rest of the world ROW . There are two periods, t ∈ {1, 2}.

countries face binding borrowing constraints.
11For the early literature, see also McKinnon (1963), Kenen (1969), and Mundell (1973). Later empirical

works include Bayoumi and Eichengreen (1993), Bayoumi and Masson (1995), and De Grauwe (1993, 1996).
Recent micro-founded theoretical models that are heirs to the optimal currency literature include Beetsma
and Jensen (2005), Gaĺı and Monacelli (2008), and Farhi and Werning (2013a). These papers establish that
fiscal cushioning, including inter-country transfers, is desirable in currency unions after asymmetric shocks.

12Our flexible-price model is isomorphic to a model with sticky prices and a flexible exchange rate.
13In addition to the papers already referenced above, see De Grauwe (2012), Lane (2012), Hale (2013),

Obstfeld (2013), Waysand et al. (2010), and Reis (2013).
14For example, Farhi and Werning (2012) characterize the optimal use of capital controls.
15These papers, encompassing a variety of mechanisms, include Bolton and Jeanne (2011), Mendoza et

al. (2013), Goyal et al. (2013), Farhi and Werning (2013b), and Broner et al. (2014).
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Households. The representative household in country j of region i has log preferences:

U i,j =
(
log ci,jT1 + ν log ci,jNT1

)
+
(
log ci,jT2 + ν log ci,jNT2

)
, (1)

where ci,jT t and ci,jNTt are respectively the consumption of tradable and nontradable goods in

country j of region i in period t, and ν captures the taste for nontradable goods. Tradable

goods can be transported costlessly within the union and outside it, while nontradable goods

are country-specific. Households face the following budget and borrowing constraints:

ci,jT1+pi,j1 c
i,j
NT1+

(1 + τ i,j) ci,jT2 + (1− ηi,j) pi,j2 c
i,j
NT2

ri,j2

≤ −bi,j1 +yT1+pi,j1 yNT1+xi,j+
yT2 + pi,j2 yNT2 + zi,j

ri,j2
(2)

bi,j2 ≡ ri,j2

(
ci,jT1 + pi,j1 c

i,j
NT1 + bi,j1 − yT1 − pi,j1 yNT1 − xi,j

)
≤ φ

(
yT2 + pi,j2 yNT2 + zi,j

)
, (3)

where tradable goods are the numeraire, pi,jt is the (flexible) relative price of nontradable

goods in country j of region i in period t, yTt and yNTt are respectively the endowments of

tradable and nontradable goods common to all countries in period t, bi,jt is the inherited debt

of each household in country j of region i at the beginning of period t, ri,j2 is the interest

rate on borrowing and lending faced by that household between periods 1 and 2, φ ∈ (0, 1)

is the fraction of period-2 endowments that is pledgable as collateral against borrowing in

period 1, xi,j and zi,j are the lump-sum transfers or taxes (depending on the sign) provided

by the government to each household under its authority in periods 1 and 2 respectively,

and τ i,j and ηi,j are respectively a tax on the consumption of tradable goods and a subsidy

on the consumption of nontradable goods imposed by the government in period 2.

Households begin period 1 with inherited debt bi,j1 . The borrowing constraint (3) on bi,j2 ,

based on the value of future tradable and nontradable endowments, is inspired by the sudden

stops literature.16 When this constraint is binding for a country in our model, we say that

the country is experiencing a sudden stop. The potential for government policies to generate

Pareto improvements depends on the form of this constraint.

The household’s first-order conditions are:(
1 + τ i,j

)
ci,jT2 ≥ ri,j2 c

i,j
T1 (4)

νci,jT1 = pi,j1 c
i,j
NT1 (5)(

1 + τ i,j
)
νci,jT2 =

(
1− ηi,j

)
pi,j2 c

i,j
NT2. (6)

The intertemporal Euler condition (4) holds with equality when the borrowing constraint

16Bianchi (2011), Korinek (2011), and Benigno et al. (2016) use a borrowing constraint related to the
current-period value of tradable and nontradable goods, arguing that future income may not be seizable
by lenders because of fraud by borrowers. In the context of European integration, the future value seems
more reasonable to include in the borrowing constraint, firstly because debt-recovery institutions in advanced
economies are superior to those in emerging markets, and secondly because we wish to study how expectations
about future nontradable prices may constrain lending today.
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(3) is slack, but with inequality when the constraint is strictly binding. The intratemporal

conditions (5) and (6) hold irrespective of whether the borrowing constraint is binding.

Government. Each government is benevolent. It can tax or subsidize the households in its

own country and exchange goods with other countries’ governments.

We assume that all households in each country are treated identically, so that governments

do not make transfers between different households inside the same country. Then the

implementation of lump-sum transfers and taxes requires coordinated domestic and foreign

actions: if xi,j or zi,j are greater than zero, the government provides identical transfers to

all domestic households using funds collected from foreign governments; while if xi,j or zi,j

are less than zero, the government imposes domestic lump-sum taxes and uses the revenues

to fund transfers to foreign governments.

By contrast, we assume that taxes and subsidies on consumption are budget-neutral

within each country:

τ i,jci,jT2 = ηi,jpi,j2 c
i,j
NT2. (7)

We can use the tools {xi,j, zi,j, τ i,j, ηi,j}i∈{N,S},j∈[0,1] to design two policy packages—which

we call “interventions”—requiring different degrees of commitment by the government.

• Governmental loans: lump-sum taxes and transfers {xi,j, zi,j}i∈{N,S},j∈[0,1], whereby

some governments provide funds to others in period 1 and get repaid in period 2. This

intervention requires the recipient governments in period 1 to be able to commit to

repay in period 2, getting around the private sector’s borrowing constraint (3).

• Tax-subsidy with debt relief: lump-sum taxes and transfers in period 1 which are

not repaid, but are followed by budget-neutral taxes and subsidies on consumption in

period 2, {xi,j, τ i,j, ηi,j}i∈{N,S},j∈[0,1]. This intervention requires governments in period 1

to be able to commit to undertake specific fiscal policy actions in period 2, but not to

be able to commit to repay.

Imperfect financial union. The financial union F is defined such that within it, there is a

common riskless bond and no government-imposed restrictions on capital flows. Therefore,

households in all countries inside the union borrow and lend at the same interest rate:

ri,j2 = r2 for all i, j. (8)

Nevertheless, as we have seen above, financial integration is not perfect because of the

borrowing constraint (3), which reflects the limited pledgability of future endowments.

In this section, our financial union is both financially and politically closed to the rest

of the world. Financial closure means that although households can exchange exports and

imports with the rest of the world, they cannot borrow or lend outside the union. Political

closure means that government transfers cannot be financed using resources from outside the

union. These two notions of closure give rise respectively to the following two conditions:
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∑
i∈{N,S}

∫ 1

0

bi,jt dj = 0 for all t (9)

∑
i∈{N,S}

∫ 1

0

xi,jdj =
∑

i∈{N,S}

∫ 1

0

zi,jdj = 0. (10)

Now we can characterize the market-clearing conditions for the financial union. Firstly,

by definition, the market for nontradable goods must clear within each country j:

ci,jNTt = yNTt for all i, j, t. (11)

Secondly, combining equations (2) and (7)-(11), we establish that even if countries inside the

union import and export tradable goods from and to the rest of the world ROW , it must be

that the total tradable consumption equals the total tradable endowments within the union

in each period t ∈ {1, 2}: ∑
i∈{N,S}

∫ 1

0

ci,jT tdj = 2yTt for all t. (12)

Heterogeneous regions. A region i ∈ {N,S} is defined such that within each region i, the

inherited debt levels are common across all countries j:

bi,j1 = bi1 for all i, j. (13)

Therefore, at the beginning of period 1, one region owes all of its inherited debt to the other

region. We assume that the Southern periphery is the borrower region:

bS1 = −bN1 ∈
(
0,
(
bS1
)max)

, (14)

where
(
bS1
)max

is the highest value of inherited debt consistent with non-negative Southern

consumption in period 1. Since all countries within the same region are identical, we focus

on interventions such that all governments within the same region follow identical policies:

xi,j = xi, zi,j = zi, τ i,j = τ i, and ηi,j = ηi for all i, j. (15)

We are interested in interventions such that the Northern core provides transfers to the

Southern periphery in period 1, followed either by transfers in the reverse direction in pe-

riod 2, or by taxes and subsidies on Southern consumption in period 2:

xS = −xN > 0, zS = −zN ≤ 0, and τS, ηS ≥ 0, τN = ηN = 0. (16)

Substituting conditions (8), (13), and (15) into the household’s optimization problem

establishes that the equilibrium variables are identical for all countries j within each region i:

ci,jT t = ciT t, c
i,j
NTt = ciNTt = yNTt, and pi,jt = pit for all i, j, t. (17)
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Therefore, we suppress country superscripts in favor of regional superscripts below. This

notational choice keeps the focus on regional heterogeneity, while in the background we keep

in mind that each region is composed of a continuum of countries who do not have any

market power on their own.

Competitive equilibrium allocations. A rational expectations equilibrium is a set of prices and

allocations
{
ri,j2 ,

{
pi,jt , c

i,j
T t, c

i,j
NTt

}
t∈{1,2}

}
i∈{N,S},j∈[0,1]

which satisfy the households’ constraints

and first-order conditions, (2)-(6), the government’s budget constraint (7), the nontradable

goods market clearing condition (11), and the financial-integration and market-clearing con-

ditions for the union, (8) and (12), subject to the set of inherited debt levels and government

policies
{
bi,j1 , x

i,j, zi,j, τ i,j, ηi,j
}
i∈{N,S},j∈[0,1]

defined by equations (13)-(16).

Our problem simplifies to characterizing the prices and allocations
{
r2, p

S
2 , c

S
T1, c

S
T2, c

N
T1

}
as a function of

{
bS1 , x

S, zN , τS
}

, using the following equations:

2cNT1 = bS1 + yT1 − xS +
yT2 + zN

r2

(18)

cST1 +
cST2

r2

= −bS1 + yT1 + xS +
yT2 − zN

r2

(19)

RS
2 ≡

cST2

cST1

≥ r2

1 + τS
(20)

bS2 ≡ r2

(
cST1 + bS1 − yT1 − xS

)
≤ φ

(
yT2 + pS2 yNT2 − zN

)
(21)

pS2 yNT2 =
(
ν + τS + ντS

)
cST2 (22)

cST1 + cNT1 = 2yT1, (23)

and then backing out the implicit variables

{{
pi1 =

νciT1

yNT1

}
i∈{N,S}

, pN2 =
νcNT2

yNT2
, cNT2 = r2c

N
T1,

ηS =
τScST2

pS2 yNT2

}
. Equations (20) and (21) hold with complementary slackness, and Walras’

Law allows us to ignore the market-clearing condition for tradable goods in period 2.

RS
2 is the shadow interest rate on borrowing in the South. It will serve as an indicator of

the distortion in equilibrium allocations arising from the borrowing constraint.

2.2. Pareto Efficiency of the Laissez-Faire Equilibrium

First best. The first-best allocation maximizes
∑

i∈{N,S}
∫ 1

0
λi,jU i,jdj subject to the market-

clearing conditions (11) and (12) and the Pareto weights {λi,j}i∈{N,S},j∈[0,1], ignoring the

borrowing constraint (3). We assume that the Pareto weights are identical for all countries j

within each region i:

λi,j = λi for all i, j. (24)

Lemma 1 (First-best allocation) Irrespective of {λi}i∈{N,S}, the first-best allocation fea-

tures
ciT2

ciT1
= yT2

yT1
for all i.
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As the Pareto weights change, the relative levels of tradable consumption in the North

and South change, but for all countries in both regions, the ratio of consumption between

the two periods remains fixed at yT2

yT1
(which means in particular that the condition RS

2 = yT2

yT1

is satisfied). Nontradable consumption is simply fixed by the endowments {yNTt}t∈{1,2}.

Laissez faire. The laissez-faire equilibrium follows equations (18)-(23), setting xS = zN =

τS = 0. The resulting allocations are parameterized by the inherited debt level bS1 , and are

shown by the solid lines in figure 1. For comparison, the dashed lines in the figure represent

the unconstrained equilibrium, i.e., the equilibrium calculated ignoring condition (21).

In the absence of the borrowing constraint (21), the interest rate is fixed at RS
2 = r2 = yT2

yT1
,

and the unconstrained tradable consumption levels in the North and South follow:

cN∗T1 =
1

2

(
bS1 + 2yT1

)
, cS∗T1 =

1

2

(
−bS1 + 2yT1

)
, and ci∗T2 =

yT2

yT1

ci∗T1 for all i. (25)

So the higher the inherited debt level of the South bS1 , the lower the consumption of the

South in both periods. But the borrowing constraint (21), combined with equations (19)

and (22), imposes a lower bound on Southern consumption in period 2:

cST2 ≥ cST2 = yT2
1− φ
1 + φν

.

As shown in panel I of the figure, the unconstrained level of cST2 violates this bound once the

inherited debt bS1 is high enough:

bS1 > b
S

1 = 2yT1
φ (1 + ν)

1 + φν
.

For these levels of debt, there is a union-wide crisis, because the constraint triggers a sud-

den stop throughout the Southern periphery. Southern consumption follows instead the

expression:

cS,CT1 =
1 + 3φ+ 4φν

1 + 2φ+ 3φν
yT1 −

1 + φ+ 2φν

1 + 2φ+ 3φν
bS1 and cS,CT2 = cST2, (26)

which is defined for bS1 up to
(
bS1
)max

= 1+3φ+4φν
1+φ+2φν

yT1. Panel II shows that the interest rate r2

dips below yT2

yT1
, while the shadow rate RS

2 rises above it. Such a result is consistent with the

research on debt deleveraging episodes (e.g., Guerrieri and Lorenzoni, 2011, Eggertsson and

Krugman, 2012, and Fornaro, 2015). In our model, the binding constraint in the Southern

periphery of a financial union reduces North-to-South private capital flows
(
cST1 + bS1 − yT1

)
and the South’s eventual debt position bS2 (as shown in panel III of the figure), below their

unconstrained levels.

Panel IV shows that the effect of the borrowing constraint on welfares in the North

and South {U i,j = U i}i∈{N,S},j∈[0,1], relative to the welfares in the absence of the constraint

{U i∗}i∈{N,S}, is more complicated. The Southern constraint unambiguously reduces the

welfare of Northern households. By contrast, Southern households benefit relative to the
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unconstrained allocation if the inherited debt is moderately above b
S

1 (even though the entire

South is experiencing a sudden stop!), but they are worse off if the inherited debt is very

high. All the above results are summarized in the proposition below.

Proposition 1 (Laissez-faire equilibrium) The laissez-faire equilibrium is a first-best al-

location for some Pareto weights {λi}i∈{N,S} when bS1 ∈
[
0, b

S

1

]
, but lies in the interior of the

first-best frontier when bS1 > b
S

1 . In the latter region, cS,CT2 = cST2 and RS
2 >

yT2

yT1
> r2. Defining

b̂S1 = 6yT1
φ(1+ν)

1+2φ+3φν

(
<
(
bS1
)max)

, welfare levels follow:

UN

{
= UN∗ for bS1 ∈

[
0, b

S

1

]
< UN∗ for bS1 > b

S

1

and US


= US∗ for bS1 ∈

[
0, b

S

1

]
> US∗ for bS1 ∈

(
b
S

1 , b̂
S
1

)
< US∗ for bS1 > b̂S1 .

This welfare result comes from the endogeneity of the interest rate. We can understand

the conceptual mechanism in a graphical fashion using two steps: firstly, choose any fixed

value of bS1 > b
S

1 from panel IV of figure 1 and show how varying the pledgability parameter

φ can take us from the unconstrained to the constrained welfare level; and secondly, apply

the lessons of the first step to a variety of levels of bS1 .

Panel I of figure 2 illustrates the first step. For bS1 > b
S

1 , the constraint is strictly binding

at the actual value of φ, but if we raise the parameter to the value φJB which makes the

constraint just binding, we can recover the unconstrained regional welfare levels. Then we

gradually reduce φ from φJB to its actual value and explore how constrained regional welfares

change according to the equations (18)-(23). Regional welfares are affected by the associated

change in r2:

dr2 =
r2yT2

1
2
yT2 + (yT2 − cST2)

(1 + ν)

(1 + φν)2dφ

dUN =
cNT2 − yT2

r2
2c
N
T1

dr2 =
yT2

1
2
yT2 + (yT2 − cST2)

cNT2 − yT2

cNT2

(1 + ν)

(1 + φν)2dφ

dUS =
1

cST1

[
−yT2 − cST2

r2
2

dr2 +
yT2

r2

(
1− r2

RS
2

)
(1 + ν)

(1 + φν)2dφ

]
=

yT2

r2cST1

( 1
2
yT2

1
2
yT2 + (yT2 − cST2)

− r2

RS
2

)
(1 + ν)

(1 + φν)2dφ.

The interest rate r2 declines below yT2

yT1
when φ decreases and the constraint begins to

bind. The welfare of Northern households is hurt because they are “exporters” of saving(
cNT2 − yT2

)
> 0, and the “intertemporal terms of trade” on this saving, r2, is now lower.

Southern households benefit from the decline in the interest rate r2 because they are “im-

porters” of saving
(
yT2 − cST2

)
> 0, but they are also hurt by the transfer of consumption

from period 1 to period 2, because when RS
2 > r2, consumption is more valuable in period 1

than in period 2.
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The constraint’s impact on Southern welfare depends on how low the actual value of φ

really is. If the actual value of φ is just below φJB, the constraint improves Southern welfare,

because the “intertemporal terms of trade” effect is the dominant one. Southern constrained

welfare continues increasing as φ decreases to φ∗, which occurs when:

RS
2 = r2

1
2
yT2 +

(
yT2 − cST2

)
1
2
yT2

. (27)

Reducing φ further reduces Southern welfare from its peak, and the constrained welfare falls

below the unconstrained level if the actual value of φ is below φL.

The second step is to apply the above reasoning to a variety of levels of bS1 . For all

bS1 > b
S

1 , Northern welfare is hurt by the constraint, but the impact on Southern welfare is

more complicated. The higher is the level of bS1 in panel IV of figure 1, the higher is φJB

relative to the actual value of φ in panel I of figure 2. For bS1 just above b
S

1 , φJB is just above

φ, so the South benefits from the constraint. For future use, we define b̃S1 to be the debt

level at which condition (27) is satisfied. When bS1 exceeds b̂S1

(
> b̃S1

)
, φJB is far above φ, so

the South’s constrained welfare falls below its unconstrained level.

Finally, panel II of figure 2 uses the information in the above proposition to plot the

unconstrained and constrained welfare frontiers. The higher is bS1 , the further up and to

the left that the final allocation is located within this panel. The unconstrained allocations

(which lie along the dashed first-best frontier) diverge from the constrained allocations (which

lie along the solid line) when bS1 > b
S

1 .

2.3. Pareto-improving Interventions

Although financial markets are integrated across country borders within the union, indi-

vidual countries are politically sovereign. Accordingly, we assume that union-wide policy

interventions must be approved through a bargaining process involving all the governments

inside the union. Governments bargain as regional coalitions (to support this notion, we

show below that coalitions can exhaust the Pareto gains). Each country and coalition is al-

lowed to veto any interventions which make them worse off than the laissez-faire equilibrium,

so this equilibrium is the outside option to the bargaining process.

Formally, we start with a debt level bS1 > b
S

1 and select
{
xS, zN , τS

}
to maximize the

Nash product over indirect utility functions:∏
i∈{N,S}

(
U i
(
xS, zN , τS

)
− U i (0, 0, 0)

)γi
, (28)

subject to the equations (18)-(23), with the bargaining powers of each regional coalition

{γi}i∈{N,S} satisfying γN = 1 − γS ∈ [0, 1]. Only policies that make all countries better

off relative to the laissez-faire equilibrium—i.e., Pareto-improving interventions—are imple-

mentable, and which final allocation is chosen depends on the bargaining powers.
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Governmental loan. The first intervention involves
{
xS > 0, zN > 0, τS = 0

}
and assumes

that the governments of the South have the ability to commit in period 1 to repay in period 2

despite the private sector borrowing constraint (21) being binding. Because of the constraint,

the intervention cannot be completely undone by the private sector, and it does affect the

allocation. When the constraint binds, Southern variables in period 2 satisfy:

cST2 =
(
yT2 − zN

) 1− φ
1 + φν

and pS2 yNT2 = νcST2.

To see how the competitive equilibrium alters in response to a governmental loan, first

consider small changes in the intervention, dxS > 0 and dzN > 0. Since Northern households

are unconstrained while the Southern borrowing constraint is binding, the change in the total

consumption of tradable goods in the union in period 2 is:

d
(
cNT2 + cST2

)
= −1

2
r2dx

S +

(
1

2
− 1− φ

1 + φν

)
dzN +

1
2

(
yT2 + zN

)
+
(
yT2 − zN − cST2

)
r2

dr2.

In period 2, the consumption of the North decreases by half the interest-compounded value of

the extra transfer dxS and increases by half the extra repayment dzN , while the consumption

of the South decreases by the fraction 1−φ
1+φν

of the extra repayment dzN . Absent a change in

the interest rate r2 on private sector loans, the change in total consumption may be positive or

negative. To restore market clearing, r2 must adjust so that Northern households optimally

tilt their consumption schedule in a manner consistent with the constrained consumption of

Southern households:

dr2 =
r2

1
2

(yT2 + zN) + (yT2 − zN − cST2)

[
1

2
r2dx

S −
(

1

2
− 1− φ

1 + φν

)
dzN

]
.

Welfares in the North and South are affected directly by the transfers and indirectly by

the associated change in the interest rate r2:

dUN
(
xS, zN , 0

)
=

1

cNT1

[
−dxS +

1

r2

dzN +
yT2 − zN − cST2

r2
2

dr2

]

dUS
(
xS, zN , 0

)
=

1

cST1

[
dxS +

{
− 1

r2

+
1

r2

(
1− r2

RS
2

)
1− φ
1 + φν

}
dzN − yT2 − zN − cST2

r2
2

dr2

]
,

where yT2−zN−cST2 > 0. Northern households are hurt by the higher transfer dxS, but they

benefit from the higher repayment dzN and any increase in the interest rate dr2. Southern

households experience changes in welfare in the opposite direction. But crucially, the South’s

pain from the repayment is mitigated because dzN occurs in period 2, when consumption is

less valuable at the margin than it is in period 1.

Because RS
2 > r2 in the constrained equilibrium, Pareto improvements are possible. Any

increase in the private market interest rate, dr2 > 0, generated by a governmental loan

benefits the North and hurts the South by shifting consumption in period 2 from the South
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to the North. The North can compensate the South by transferring extra tradable goods to

the South in period 1. RS
2 > r2 means that the South values each extra unit of consumption

more than the North does in period 1, so the North finds it possible to raise the welfare of

the South through period 1 transfers, while remaining better off itself.

Formally, combining the above equations:

dU i
(
xS, zN , 0

)∣∣
dU−i(xS ,zN ,0)=0

=
1

ciT1

1

r2

(
1− r2

RS
2

)
1− φ
1 + φν

dzN for all i,

which establishes that Pareto-improving governmental loans are possible for RS
2 > r2. Within

the set of such interventions:

dr2 = ρxz
(
γN
)
· 1− φ

1 + φν

r2

1
2

(yT2 + zN) + 1
2

(yT2 − zN − cST2)
dzN ,

where ρxz
(
γN
)
∈
[

1
2

(
1 + r2

RS2

)
, 1
]
> 0 and dρxz

dγN
< 0. Therefore, the intervention is designed

so that the interest rate r2 increases—although the less so the higher is the North’s bargaining

power. Figure 3 shows the effects of a Pareto-improving loan, indexing the loan size by zN .

As zN increases, the South’s consumption in period 1 increases and its consumption in period

2 decreases. The interest rate r2 increases, and the shadow rate RS
2 decreases, toward yT2

yT1
.

Panel III shows that the North-to-South governmental loan causes a contraction in the

South’s private debt position bS2 with respect to the North. The repayment zN reduces the

South’s available tradable goods and depresses the price of its nontradable goods in period 2.

Both of these effects tighten the private sector borrowing constraint (21) in period 1:

dpS2 < 0 and dbS2 < 0.

We can now illustrate how a Pareto-improving intervention begins and ends. The inter-

vention begins as a small loan from the starting point bS1 > b
S

1 and xS = zN = 0. Defining

the interest rate on the governmental loan as rNS ≡ zN

xS
(which for a small intervention is

equal to dzN

dxS
), we can show in panel I of figure 4 the minimum interest rate the North is

willing to accept, rNSmin, and the maximum interest rate the South is willing to pay, rNSmax:

rNSmin = r2

1
2
yT2 + 1

2

(
yT2 − cST2

)
1
2
yT2 +

(
1
2

+ 1−φ
1+φν

)
(yT2 − cST2)

< rNSmax = r2

1
2
yT2 + 1

2

(
yT2 − cST2

)(
1
2
− 1

2

(
1− r2

RS2

)
1−φ
1+φν

)
yT2 +

(
1
2

+ r2
RS2

1−φ
1+φν

)
(yT2 − cST2)

.

rNSmin is downward-sloping and lower than r2: the Northern coalition is willing to subsidize

the governmental loan because it increases the private market interest rate r2, which benefits

the North’s (saver) households. The upward-sloping dashed line representing rNSmax is lower

than r2 for bS1 ∈
(
b
S

1 , b̃
S
1

)
(when RS

2 is below the value required for condition (27)) and higher
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than r2 for bS1 > b̃S1 (when RS
2 is above the required value).

In this panel, we can see why we assumed that governments bargain via regional coali-

tions. Coalitions internalize the effects of their actions on the union-wide interest rate r2,

which individual countries do not. If the coalitions were to ignore their effects on the union-

wide interest rate r2, then the Northern coalition would only accept interest rates above

r2, while the Southern coalition would accept any interest rate below RS
2 . If such loans

are agreed, they would not in general lead to Pareto improvements, because the resulting

increase in r2 itself would shift too much of the welfare gains to the North at the expense

of the South. Only in the blue region of the graph would Pareto improvements be achieved.

On the other hand, when coalitions internalize the effects of their actions on r2, they can

achieve Pareto improvements in both the pink and blue regions.

Panels I and II of figure 5 illustrate in shaded gray the zone of Pareto-improving actions

in the
(
xS, zN

)
space for any bS1 > b

S

1 . The values of rNS derived above for the beginning of

the intervention determine the upper slope (rNSmax, representing γN = 1) and lower slope (rNSmin,

representing γN = 0) of the gray zone at the origin (0, 0). Pareto-improving interventions

are possible as long as RS
2 > r2, and the intervention continues until all Pareto gains are

exhausted. The blue line represents the final interventions that solve (28) subject to (18)-

(23), indexed by γN ∈ [0, 1]:

xS = bS1 − 2yT1
φ (1 + ν)

1 + φν
− zN yT1

yT2

(1− φ)− φ (1 + ν)

1 + φν
. (29)

Panel I assumes that φ < 1
2+ν
⇔ (1− φ)−φ (1 + ν) > 0, while panel II assumes the opposite

sign for the inequality.17 Along the blue line, the intertemporal ratio of consumption is fixed

at
ciT2

ciT1
= RS

2 = r2 = yT2

yT1
for all i, i.e., the allocations are along the first-best frontier.

The bargaining power of the North γN determines which point on the line is chosen, and

thereby the levels of consumption in each region. For both panels, the higher is γN , the

larger the period-2 repayment to the North, zN , the higher is the interest rate rNS ≡ zN

xS

on the governmental loan, and the more that the South’s private debt position bS2 declines

relative to the laissez-faire equilibrium. The upper and lower ends of the blue line represent

respectively the allocations for γN = 1 and γN = 0:

cS,γ
N=1

T1 = yT1

√(
1 + 3φ+ 4φν

1 + 2φ+ 3φν
− 1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1− φ
1 + φν

and cS,γ
N=1

T2 =
yT2

yT1

cS,γ
N=1

T1

(30)

cS,γ
N=0

T1 = 2yT1−yT1

√(
1 + φ+ 2φν

1 + 2φ+ 3φν
+

1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1 + φ+ 2φν

1 + φν
and cS,γ

N=0
T2 =

yT2

yT1

cS,γ
N=0

T1 .

(31)

17The blue line moves gradually from downward-sloping to upward-sloping as φ increases. φ < 1
2+ν is

equivalent to 1−φ
1+φν >

1
2 , which means that setting dxS = 0, an increase in the repayment dzN increases the

interest rate. This sign of the inequality is justified in section 3.
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If Northern governments have a limited ability to tax in period 1, i.e., xS ≤
(
xS
)max

, or

if Southern governments have a limited ability to repay in period 2, i.e., zN ≤
(
zN
)max

, then

Pareto gains may not be exhausted for some values of γN , and the final intervention lies

instead along the dashed red line.18 The proposition below summarizes the above results.

Proposition 2 (Governmental loan) When bS1 > b
S

1 , a governmental loan achieves a

Pareto improvement relative to the laissez-faire equilibrium. When the loan size is unlimited,

bargaining between North and South achieves an allocation on the first-best frontier satisfying

(29) and zN ∈
[
zN,γ

N=0, zN,γ
N=1
]
, where zN,γ

N=0 < zN,γ
N=1 and dzN

dγN
> 0. bS2 is lower than

in the laissez-faire equilibrium. When the loan size is limited, the frontier of achievable

allocations is a piecewise combination of the first-best frontier and the relevant constraint.

Taking stock, we have shown how an intervention of any size (whether unlimited or not)

achieves a Pareto improvement, by tracing out the intervention’s effect on the endogenous

union-wide interest rate r2, the consumption levels in North and South {ciT t}i∈{N,S}, and the

Southern debt position bS2 accumulated via North-to-South private debt flows. We have also

rationalized region-based coalitional bargaining. If the size of North-to-South governmental

loans is unlimited, the financial union is restored to the first-best frontier. These lessons will

prove valuable as we consider alternative interventions, and as we extend the model to allow

for financial openness of the union and for production.

Tax-subsidy with debt relief. The second intervention involves
{
xS > 0, zN = 0, τS > 0

}
and

assumes that the government of the South has the ability to commit in period 1 to undertake

budget-neutral fiscal actions in period 2, but is unable to commit to repay foreigners in

period 2. Since the North-to-South transfer xS is never repaid, we label it as debt relief.

When the constraint binds, Southern variables in period 2 satisfy:

cST2 = yT2
1− φ

1 + φ (ν + τS + ντS)
and pS2 yNT2 =

(
ν + τS + ντS

)
cST2.

Again, we first consider small changes in the intervention, dxS > 0 and dτS > 0. The

total consumption of tradable goods in the union in period 2 is altered as follows:

d
(
cNT2 + cST2

)
= −1

2
r2dx

S − cST2φ (1 + ν)

1 + φ (ν + τS + ντS)
dτS +

1
2
yT2 +

(
yT2 − cST2

)
r2

dr2.

The tax on the consumption of tradable goods and subsidy on the consumption of nontrad-

able goods in the South in period 2 generates an increase in the price of nontradable goods pS2
in that period, which relaxes the private sector borrowing constraint. Southern households

are able to borrow more in period 1 and need to repay more in period 2, so the consumption

of the South in the latter period falls, as captured by the second term in the above equation.

The consumption of the North in period 2 decreases by half the interest-compounded value

18In panel I, the dashed red line is bounded on both ends. In panel II, only the tighter bound is relevant.
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of the debt relief dxS. To restore market clearing, the interest rate r2 must rise, which affects

welfares in the North and South:

dr2 =
r2

1
2
yT2 + (yT2 − cST2)

[
1

2
r2dx

S +
cST2φ (1 + ν)

1 + φ (ν + τS + ντS)
dτS
]
.

dUN
(
xS, 0, τS

)
=

1

cNT1

[
−dxS +

yT2 − cST2

r2
2

dr2

]
dUS

(
xS, 0, τS

)
=

1

cST1

[
dxS +

1

r2

(
1− r2

RS
2

)
cST2φ (1 + ν)

1 + φ (ν + τS + ντS)
dτS − yT2 − cST2

r2
2

dr2

]
,

where yT2 − cST2 > 0. Northern households are hurt by the higher transfer dxS, but they

benefit from the higher interest rate dr2. Southern households experience changes in welfare

in the opposite direction. Crucially, they also benefit from the relaxation of the constraint:

dτS > 0 allows consumption to be moved from period 2 to period 1, when it is more valuable.

Again, because RS
2 > r2 in the constrained equilibrium, Pareto improvements are pos-

sible. The increase in the interest rate, dr2 > 0, generated by the tax-subsidy policy shifts

consumption in period 2 from the South to the North and raises period-1 consumption in

the South. If the South is worse off after this change, the North can compensate the South

by transferring tradable goods as debt relief to the South in period 1, while remaining better

off itself. Combining the above equations, we formally confirm this result and we derive the

bounds for the increase in the interest rate:

dU i
(
xS, 0, τS

)∣∣
dU−i(xS ,0,τS)=0

=
1

ciT1

1

r2

(
1− r2

RS
2

)
cST2φ (1 + ν)

1 + φ (ν + τS + ντS)
dτS for all i.

dr2 = ρxτ
(
γN
)
· r2

1
2
yT2 + 1

2
(yT2 − cST2)

cST2φ (1 + ν)

1 + φ (ν + τS + ντS)
dτS,

where ρxτ
(
γN
)
∈
[

1
2

(
1 + r2

RS2

)
, 1
]
> 0 and dρxτ

dγN
< 0. Figure 3 shows the effects of a Pareto-

improving tax-subsidy policy with debt relief, indexing the size of the intervention by τS. As

the intervention size increases, Southern consumption in period 1 increases at the expense of

its consumption in period 2, the interest rate r2 increases, and the shadow rate RS
2 decreases.

Panel III shows that in contrast to the governmental loan intervention, a tax-subsidy policy

with debt relief causes an expansion in the South’s private debt position bS2 with respect to

the North:
dpS2 > 0 and dbS2 > 0.

Next, we illustrate how a Pareto-improving intervention begins and ends. The interven-

tion begins with bS1 > b
S

1 and xS = τS = 0. Defining the debt relief coefficient gNS ≡ xS

τS
as

the debt relief per unit of promised tax (which for a small intervention is equal to dxS

dτS
), we

show in panel II of figure 4 the minimum debt relief coefficient the South is willing to accept,

gNSmin, and the maximum coefficient the North is willing to offer, gNSmax:
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gNSmin =
1

r2

1
2
yT2 +

(
yT2 − cST2

)
1
2
yT2 + 1

2
(yT2 − cST2)

(
r2

RS
2

−
1
2
yT2

1
2
yT2 + (yT2 − cST2)

)
cST2φ (1 + ν)

1 + φν

< gNSmax =
1

r2

(
yT2 − cST2

)
1
2
yT2 + 1

2
(yT2 − cST2)

cST2φ (1 + ν)

1 + φν
.

gNSmax is higher than 0: the North is willing to provide debt relief to the South in period 1,

because the South’s commitment to a budget-neutral tax-subsidy policy in period 2 increases

the market interest rate r2, which benefits the North’s households. The downward-sloping

dashed gNSmin is above 0 for bS1 ∈
(
b
S

1 , b̃
S
1

)
but below 0 for bS1 > b̃S1 . In other words, for very

high debt levels, the South is willing to undertake the tax-subsidy policy even in the absence

of debt relief, because the movement of consumption from period 2 to period 1 owing to the

relaxation of the borrowing constraint (21) is very valuable.

Again, region-based coalitional bargaining is helpful to exploit all the Pareto gains. If the

coalitions were to ignore their effects on the union-wide interest rate r2, then the Northern

coalition would be unwilling to provide any debt relief at all, and only the Pareto improve-

ments in the blue region of the graph would be achieved. By contrast, coalitional bargaining

that correctly treats r2 as endogenous is able to achieve Pareto improvements in both the

pink and blue regions.

Panels III, IV, and V of figure 5 illustrate in shaded gray the zone of Pareto-improving

actions in
(
xS, zN

)
space, for three different levels of bS1 above b

S

1 .19 The values of gNS derived

above for the beginning of the intervention determine the upper slope (gNSmin, representing

γN = 1) and lower slope (gNSmax, representing γN = 0) of the gray zone at the origin (0, 0).20

For bS1 > b̃S1 , gNSmin < 0, so the upper slope is negative. The blue line represents the final

interventions that solve (28) subject to (18)-(23), indexed by γN ∈ [0, 1]:

xS = bS1 − 2yT1

φ
(
1 + ν + τS + ντS

)
1 + φ (ν + τS + ντS)

. (32)

Along this line,
ciT2

ciT1
= RS

2 = r2 = yT2

yT1
for all i, so the allocations are again along the first-

best frontier—just like for the governmental loan. And the left and right ends of the blue

line achieve the same consumption levels as the governmental loan does: equations (30)

and (31). The higher the bargaining power of the North γN , the smaller the period-1 debt

relief for the South, xS, and the larger the period-2 tax and subsidy combination imposed

by the South, τS, so the lower is the debt relief coefficient gNS ≡ xS

τS
. The North uses its

bargaining power to push the South to implement budget-neutral policies that improve the

pledgability of the South’s future endowments, so that Northern households can exploit the

correspondingly higher interest rate. In fact, the higher is γN , the more that the South’s

19The graphs evolve gradually as bS1 increases; there is no discrete change in behavior at the thresholds.
20To ensure comparability of these panels with those for the governmental loan, we plot xS on the

horizontal axis. For any point on the graph, gNS is the reciprocal of the slope from the origin to that point.
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private debt position bS2 increases relative to the laissez-faire equilibrium.

Notice that for bS1 > b̂S1 , γN = 1 is associated with negative debt relief: xS < 0. As

described above, for very high debt levels, the South is willing to undertake the tax-subsidy

policy even without debt relief. Then, for the North to extract all the welfare gains, the

South needs to provide a transfer to the North instead.

If Northern governments have a limited ability to provide debt relief in period 1, i.e.,

xS ≤
(
xS
)max

, or if Southern governments face a maximum politically-acceptable tax rate,

i.e., τS ≤
(
τS
)max

, then Pareto gains are not exhausted, and the final intervention lies

instead along the dashed red line. The proposition below summarizes the above results.

Proposition 3 (Tax-subsidy with debt relief) When bS1 > b
S

1 , a tax-subsidy policy with

debt relief achieves a Pareto improvement relative to the laissez-faire equilibrium. When

the debt relief and tax rate are unlimited, bargaining between North and South achieves

an allocation on the first-best frontier satisfying (32) and τS ∈
[
τS,γ

N=0, τS,γ
N=1
]
, where

τS,γ
N=0 < τS,γ

N=1 and dτS

dγN
> 0. bS2 is higher than in the laissez-faire equilibrium. When

the debt relief or tax rate are unlimited, the frontier of achievable allocations is a piecewise

combination of the first-best frontier and the relevant constraint.

Propositions 2 and 3 are closely related: they establish that each intervention on its

own can achieve all the Pareto-improving allocations on the first-best frontier, provided

that there are no limits on the intervention sizes. The sets
[
xS,γ

N=0, xS,γ
N=1
]

generated by

the propositions 2 and 3 are not identical: the debt relief necessary to achieve any given

allocation is smaller than the size of the necessary period-1 governmental loan, because the

latter’s effect on Southern consumption is partially undone by the period-2 repayment zN .

Combining the interventions. In this endowment-based financial union, the two interventions

described above are substitutes: the analytic work underlying propositions 2 and 3 can be

easily combined to establish that in the absence of limits on the tools
{
xS, zN , τS

}
, every

Pareto-improving allocation on the first-best frontier can be achieved by using many different

combinations of the two interventions. The more that the governmental loan is used relative

to the debt relief package within the combination, the higher are public capital flows and

the lower are private capital flows within the union.

Therefore, if there are limits on one of the policy tools, then any Pareto gains which

remain unexploited by using one intervention alone should be achieved by utilizing the other

intervention as well.

2.4. Discussion

North-to-South capital flows. The heterogeneous structure of our financial union means that

there are capital flows from the lender households of the North to the borrower households

of the South. Our Pareto improvements are based on reversing the decline in these capital

flows during crisis periods.
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Unlike the monetary union literature, where sticky prices typically underlie the rationale

for intervention (e.g., Gaĺı and Monacelli, 2008, and Farhi and Werning, 2013a), our results

are strengthened in an environment where prices—specifically, collateral prices pS2 —are flex-

ible: sudden stops become more severe when they strike, and Pareto improvements become

possible even when fiscal space is lacking. In addition, in contrast to many papers empha-

sizing the zero lower bound on interest rates (e.g., Dogra, 2014, and Blanchard et al., 2015),

our welfare gains do not come from the North and South spending more on each other’s

goods. Our results hold when all countries in the union only export to and import from the

rest of the world; what we need is that the North finances the external deficits of the South,

so that the North gains from improvements in the terms of its financing.

Endogeneity of the interest rate is key. When Benigno et al. (2016) consider a con-

temporaneous tax-subsidy policy by a single borrower country facing an exogenous interest

rate, they find that the borrower country is unambiguously better off. By contrast, in our

financial union, a promise of future taxes and subsidies in the South raises the interest rate

today, which generates welfare gains for the North—so much so that debt relief may need to

be added to the policy package in order to make sure that the South is also better off.

Pledgability interpretation. The interventions work by making Southern period-2 endow-

ments more pledgable as collateral against borrowing in period 1. The governmental loan

works because in the repayment period, the government transforms the partially pledgable

tradable endowments yT2 of Southern households into fully pledgable revenues from lump-

sum taxation zN . The tax-subsidy intervention works by raising the price of the pledgable

nontradable endowments yNT2 of Southern households, while keeping the pledgable value of

tradable endowments unchanged.

More precisely, the tax-subsidy intervention works because it raises the price of collateral-

izable nontradable goods and/or assets. In practice, this should not be interpreted as a gen-

eralized real exchange rate support that subsidizes all nontradable goods. To underline this

point, let us extend the above model to include an additional non-collateralizable nontradable

sector with endowments, consumption levels, and prices
{
yMt, c

i,j
Mt, q

i,j
t

}
i∈{N,S},j∈[0,1],t∈{1,2}.

Then the nontradable goods {yNTt}t∈{1,2} can be interpreted as representing housing, which

is collateralizable, while {yMt}t∈{1,2} represents haircuts, which are not.

Suppose that a subsidy θi,j can be provided on the consumption of these new goods,

amending each government’s budget constraint:

τ i,jci,jT2 = ηi,jpi,j2 c
i,j
NT2 + θi,jqi,j2 c

i,j
M2.

The upper bound on bi,j2 for each household continues to be tied to {yT2, yNT2} only, but the

utility function is amended with the additional terms
∑

t∈{1,2} γ log ci,jMt, which results in an

additional intra-temporal first-order condition for consumption:(
1 + τ i,j

)
γci,jT2 =

(
1− θi,j

)
qi,j2 c

i,j
M2.



23

Assuming as before that all variables are identical within regions, the system of equations

(18)-(23) remains the same, except that equation (22) changes to:

pS2 c
S
NT2 =

[(
ν + τS + ντS

)
− θS

1− θS
(
γ + γτS

)]
cST2.

We can show that in this amended setup, a small tax-subsidy intervention with debt relief,

beginning at bS1 > b
S

1 and xS = τS = θS = 0, generates:

dU i
∣∣
dU−i=0

=
1

ciT1

1

r2

(
1− r2

RS
2

)
cST2

1 + φν

{
φ (1 + ν) dτS − γφdθS

}
for all i.

Therefore, the government should tax non-collateralizable nontradable goods, and use the

revenues to subsidize collateralizable nontradable goods. The following lemma holds.

Lemma 2 (Non-collateralizable nontradable goods) When the policy tools
(
xS, τS

)
are unlimited, an additional subsidy θS > 0 does not change the result in proposition 3

that bargaining between North and South achieves an allocation on the first-best frontier.

However, when either tool is limited, bargaining will result in θS < 0.

Transfer effect. How does the effect of a pure transfer dxS > 0 in our model relate to the

“transfer effect” highlighted in Keynes (1929) and Ohlin (1929)? They find that the country

providing the transfer loses both from the goods no longer in the country and also from

a decline in the country’s intratemporal terms of trade. Since our model does not have

differentiated tradable goods and home bias, we cannot replicate their finding. Instead, our

model adds a new countervailing finding into the mix: we demonstrate that in the presence

of binding borrowing constraints, a transfer to the set of countries facing such constraints

changes the intertemporal terms of trade in a direction that benefits the saver countries

providing the transfer—namely, it increases the interest rate r2. Therefore, the countries

providing the transfer actually recoup some, but not all, of the cost of providing the transfer.

This result is summarized in the lemma below, which draws on the previous subsection.

Lemma 3 (Transfer effect) When bS1 > b
S

1 , a pure transfer dxS > 0 generates dr2 > 0

and dUN
(
xS, 0, 0

)
= 1

cNT1

[
−dxS +

yT2−cST2

r22
dr2

]
∈
(
− 1
cNT1
dxS, 0

)
.

Coalitional bargaining. We have used the assumption of a continuum of countries inside

each region, rather than a single country in each region, for two purposes. Firstly, we

wished to illustrate that even in a union of many small countries, regional bargaining may

be beneficial: regional coalitions internalize the effects of their actions on the interest rate

r2, and as a result, they are able to exhaust the Pareto gains. Secondly, we wanted to give

a sense that the process for approval of interventions in a union containing many countries

may not be straightforward. Indeed, it may be desirable to set up union-wide institutions

before a crisis occurs. In this light, we turn next to pre-crisis institutional design.
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3. Pre-crisis Heterogeneity and Institutional Design

Our analysis so far suggests that for Pareto gains to be effectively exploited during crises,

the financial union requires institutions which implement governmental loans and debt relief

packages, and which help individual countries gather into regional bargaining coalitions. But

will such institutions have been set up and made functional by the time that crises arrive? In

pre-crisis times, before borrowing constraints bind, all the countries inside the financial union

should decide whether to set up these institutions and which values of the bargaining power

parameter, γN = 1−γS ∈ [0, 1], are acceptable. The institutions are brought into existence if

and only if for some values of γN , regional bargaining during crises is also Pareto-improving

from the pre-crisis perspective.

To tackle this issue, we endogenize bS1 , the inherited debt of the South in the model of the

previous section, as the outcome of a deterministic environment with pre-crisis endowments

and consumption decisions. Specifically, we add one pre-crisis period onto the model of

section 2, and assume that the North starts off with a higher endowment than the South.

3.1. The Pre-crisis Environment

There is one additional period, t = 0, just before the model in section 2.1. Correspondingly,

we need to define some new variables and impose some additional constraints.

Households. The representative household in country j of region i has the amended log

preferences:

V i,j =
(
log ci,jT,−1 + ν log ci,jNT,−1

)
+
(
log ci,jT0 + ν log ci,jNT0

)
+ U i,j, (33)

where ci,jT t and ci,jNTt are respectively the consumption of tradable and nontradable goods in

country j of region i in period t, and U i,j follows equation (1). The debt of the household in

country j of region i at the beginning of period 1 is pinned down by the household’s budget

constraint:

bi,j1 ≡ ri,j1

(
ci,jT0 + pi,j0 c

i,j
NT0 − e

i,j − pi,j0 yNT0

)
, (34)

where ei,j is the tradable endowment of each household in country j of region i in period 0,

yNTt is the nontradable endowment common to all countries in period t, ri,j1 is the interest

rate on borrowing and lending faced by the household between periods 0 and 1, and pi,j0 is

the price of nontradable goods in country j of region i in period 0. The equations (2) and

(3) also continue to apply.

In addition to the first-order conditions (4)-(6), the household’s consumption choices now

also satisfy the following conditions for period 0:

ci,jT1 = ri,j1 c
i,j
T0 (35)

νci,jT0 = pi,j0 c
i,j
NT0. (36)
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Imperfect financial union. The interest rates are equalized within the financial union F ,

which means the following additional condition:

ri,j1 = r1 for all i, j. (37)

There are no imperfections from borrowing constraints in period 0. Our financial union is

still assumed to be financially closed to the rest of world, so the additional market-clearing

conditions are:
ci,jNT0 = yNT0 for all i, j (38)∑
i∈{N,S}

∫ 1

0

ci,jT0dj = eT . (39)

where eT ≡
∑

i∈{N,S}

∫ 1

0
ei,jdj is the total tradable endowment within the union in period 0.

Heterogeneous regions. A region i ∈ {N,S} is defined such that within each region i, the

tradable endowment levels are common across all countries j:

ei,j = ei for all i, j. (40)

We assume that the North starts with a higher tradable endowment than the South, and we

define the degree of pre-crisis heterogeneity of the union, H, accordingly:

eS = eT − eN ∈
[
0,
eT

2

]
(41)

H ≡ eN − eS

eT
= 1− 2

eS

eT
∈ [0, 1] . (42)

Equilibrium variables are again identical for all countries j of each region i: condition (17)

holds for all periods. Therefore, as in the previous section, we suppress country super-

scripts in favor of regional superscripts. Equations (13)-(14) will be continue to apply in our

extended model, but this time generated endogenously.

Competitive equilibrium allocations. The rational expectations equilibrium of the model

follows a definition similar to that in subsection 2.1. The set of prices and allocations,

now expanded to include
{
ri,j0 , p

i,j
0 , c

i,j
T0, c

i,j
NT0

}
i∈{N,S},j∈[0,1]

, satisfies the previous equilibrium

conditions as well as equations (34)-(42), subject to the degree of heterogeneity H and the

government policies {xi,j, zi,j, τ i,j, ηi,j}i∈{N,S},j∈[0,1] defined by equations (15)-(16).

Institutional design. At the beginning of period 0, regional coalitions of Northern and South-

ern governments must decide whether to set up institutions that make crisis-time bargaining

possible:

I =

{
1 if institutions are set up

0 if no institutions are set up.
(43)

If I = 0, no crisis-time interventions are allowed: xS = zN = τS = 0. For I = 1, unlimited

interventions using all policy tools
{
xS, zN , τS

}
are allowed during crisis periods t ∈ {1, 2},
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so the North and South must additionally decide in period 0 the value of γN ∈ [0, 1] to be

used later on. Then crisis-time bargaining follows the procedure described in subsection 2.3:

interventions are negotiated in period 1 taking bS1 and the bargaining power γN as given.

3.2. Endogenizing the Debt Level bS1

Panel I of figure 6 illustrates the endogenous determination of the South’s inherited debt

level bS1 . The gray lines summarize the previous section’s findings regarding the Southern

tradable consumption level as a function of bS1 . cS∗T1 and cS,CT1

(
≡ cS,I=0

T1

)
represent the uncon-

strained and constrained consumption levels, described respectively by equations (25) and

(26). The constrained consumption level falls below the unconstrained value for bS1 > b
S

1 .

When interventions are allowed, i.e., I = 1, the consumption of the South in period 1 in-

creases above its constrained level, with the precise magnitude of the increase depending on

the North’s bargaining power γN . The post-intervention consumption levels are represented

by the lines cS,γ
N=1

T1 and cS,γ
N=0

T1

(
> cS,γ

N=1
T1

)
, based on equations (30)-(31).

To this configuration of graphs we need to add information regarding optimal household

decisions and market-clearing in period 0. It turns out that irrespective of
{
I, γN

}
, the

interest rate r1 takes a constant value, and households throughout the union optimally

choose {ciT0}i∈{N,S} in line with {ciT1}i∈{N,S}:

r1 =
2yT1

eT
and ciT0 =

eT

2yT1

ciT1 for all i.

Combining with the household budget constraint (34), we derive the new condition:

bS1 = 2cST1 − 2yT1 (1−H) . (44)

This condition is shown as the black upward-sloping line in panel I. Along the line, house-

holds’ consumption-smoothing decisions cause the debt levels {bi1}i∈{N,S} to move in the same

direction as {ciT1}i∈{N,S}. An increase in H, i.e., a reduction in the initial endowments of

Southern households, shifts the black line to the right.

The union-wide equilibrium reduces to the set of prices and allocations
{
r2, p

S
2 , c

S
T1, c

S
T2,

cNT1

}
as a function of

{
H, xS, zN , τS

}
, subject to the equations (18)-(23) and (44). In graph-

ical terms, the equilibrium is given by the intersection of the black line (indexed by H) and

the appropriate gray line (indexed by
{
I, γN

}
) in panel I of figure 6.

From the graphs and equations, the borrowing constraint (21) becomes binding, and a

regional sudden stop occurs in the South, when the degree of pre-crisis heterogeneity H is

high enough:

H > H = 3
φ (1 + ν)

1 + φν
⇔ bS1 > b

S

1 . (45)

For there to be a possibility of binding constraints in the union, H must be less than 1, which

implies that φ < 1
3+2ν

(our assumption in the previous section that φ < 1
2+ν

is therefore
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justified: it is a necessary condition for bS1 > b
S

1 to be possible in the first place). Inspecting

the graphs yields the following lemma.

Lemma 4 (Inherited debt level) When H > H, the Southern debt level is affected by

the expectation of
{
I, γN

}
. An expected constraint reduces debt: bS,C1

(
≡ bS,I=0

1

)
< bS∗1 , while

an expected intervention increases debt: bS,γ
N=0

1 > bS,γ
N=1

1 > bS,C1 and
dbS,γ

N

1

dγN
< 0.

Panel II of figure 6 present the same arguments from the North’s perspective, and since

the explanatory steps are analogous, we do not repeat them here.

3.3. Pareto-improving Institutional Design

Institutions to facilitate interventions are brought into existence if and only if the change in

bS1 brought about by expected period-1 bargaining (as illustrated in the previous subsection)

is associated with a Pareto-improvement from the perspective of period 0, at least for some

values of γN . We tackle this question next.

First best and laissez faire. A necessary condition for interventions to be useful is that

the laissez-faire equilibrium deviates from the first-best frontier. By definition, the first-

best allocation maximizes
∑

i∈{N,S}
∫ 1

0
λi,jV i,jdj subject to the market clearing conditions

(11)-(12) and (38)-(39), and the Pareto weights {λi,j = λi}i∈{N,S},j∈[0,1]. The laissez-faire

equilibrium solves equations (18)-(23) and (44) subject to xS = zN = τS = 0. Defin-

ing {V i,j = V i}i∈{N,S},j∈[0,1] and {V i∗}i∈{N,S} as the constrained and unconstrained regional

welfare levels, this section’s counterparts to lemma 1 and proposition 1 are as follows.

Lemma 5 (First-best allocation) Irrespective of {λi}i∈{N,S}, the first-best allocation fea-

tures
ciT1

ciT0
= 2yT1

eT
and

ciT2

ciT1
= yT2

yT1
for all i.

Proposition 4 (Laissez-faire equilibrium) Assume that φ is sufficiently low, i.e., φ ∈[
0, φ̂
)

for some φ̂ > 0. Then there exists some H ∈ (0, 1) such that the laissez-faire equi-

librium is a first-best allocation for some Pareto weights {λi}i∈{N,S} when H ∈
[
0, H

]
, but

is located in the interior of the first-best frontier when H ∈
(
H, 1

]
. In the latter region,

ciT1

ciT0
= 2yT1

eT
but cS,CT2 = cST2 and RS

2 >
yT2

yT1
> r2. There also exists some Ĥ ∈

(
H, 1

)
such that:

V N

{
= V N∗ for H ∈

[
0, H

]
< V N∗ for H ∈

(
H, 1

] and V S


= V S∗ for H ∈

[
0, H

]
> V S∗ for H ∈

(
H, Ĥ

)
< V S∗ for H ∈

(
Ĥ, 1

]
.

Pareto-improving institutions. If unlimited interventions
{
xS, zN , τS

}
can be selected in

period 0, there is no difficulty in generating Pareto improvements from the perspective of

period 0. The following lemma comes from extending the algebra of section 2.
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Lemma 6 (Pre-crisis policy choice) Suppose that unlimited policies
{
xS, zN , τS

}
can be

selected in period 0. When H > H, bargaining between North and South achieves a Pareto-

improving (from the period-0 perspective) allocation on the first-best frontier. bS1 is higher

than in the constrained equilibrium.

The key obstacle that we impose, however, is that only the decisions
{
I, γN

}
can be

made in period 0, while the interventions
{
xS, zN , τS

}
come from bargaining in period 1.

We believe that this environment captures more accurately the institutional design problem

faced by financial unions such as the Eurozone, and it captures real-world fears of moral

hazard, i.e., that the expectation of future interventions may stimulate a level of Southern

“overborrowing” that the North cannot offset. This obstacle removes the guarantee that the

post-intervention equilibrium is Pareto-improving from the period-0 perspective.

The economic manifestation of this obstacle in our model takes the form of an externality

in both regions mediated by the endogenous interest rate r2. As shown in subsection 3.2,

households make their pre-crisis borrowing decisions based on
{
I, γN

}
, because the latter

pins down their expectations of union-wide policies
{
xS, zN , τS

}
. But households are too

small to internalize that their period-0 decisions actually determine the regional debt level

bS1 (which pins down the outside options in (28)), and thereby affect the period-1 choice of{
xS, zN , τS

}
. Therefore, they may borrow too little or too much in period 0 relative to the

preferred choice of the region as a whole. If the divergence is very large, the post-intervention

allocation may involve the region being worse off than it was in the laissez-faire equilibrium.

Panels III and IV of figure 6 illustrate the welfare impact of endogenizing bS1 for a given

value of H, using the following two-step procedure. Firstly, we graph the period-0 regional

welfares over all possible bS1 , based on solving (28) subject to (18)-(23) and the period-0

equation:
cST0 =

eT

2yT1

(
bS1 + yT1 (1−H)

)
, (46)

which reflects household budget constraints and market clearing, but not period-0 household

optimization. The constrained laissez-faire (i.e., I = 0) welfare is the welfare at the laissez-

faire debt level:

bS,C1 = yT1

(
φ (1 + ν)

2 + 3φ+ 5φν
+

1 + 2φ+ 3φν

2 + 3φ+ 5φν
H

)
,

and to the right of this point, panels III and IV trace out how welfares change as bS1 rises

above bS,C1 . Secondly, we identify the debt level bS1 corresponding to period-0 household

optimization, which satisfies equation (44) and which we can read off the appropriate inter-

sections in panels I and II. Using panels III and IV, we finally compare the welfare at that

optimized debt level to the constrained laissez-faire welfare.

Panel III plots the Southern welfare levels V S,γN=1
(
bS1
)

and V S,γN=0
(
bS1
)
:

V S,γN=1
(
bS1
)

= log

{
κ
(
bS1 + yT1 (1−H)

)(1 + 3φ+ 4φν

1 + 2φ+ 3φν
− 1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1− φ
1 + φν

}
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V S,γN=0
(
bS1
)

= log
{
κ
(
bS1 + yT1 (1−H)

)
×

(
2−

√(
1 + φ+ 2φν

1 + 2φ+ 3φν
+

1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1 + φ+ 2φν

1 + φν

)2
 ,

where κ = eT

2
yT2Πt={0,1,2}yNTt is a constant. Let us compare each to the laissez-faire welfare.

For a given level of bS1 , if γN = 1, then period-1 bargaining leaves the South indifferent

between laissez-faire and the intervention over t ∈ {1, 2}. Since fixing bS1 also fixes cST0,

then for a given level of bS1 , γN = 1 means that the South’s period-0 welfare is the same

whether there is intervention or not. Therefore, the shape of V S,γN=1
(
bS1
)

reflects how the

South’s welfare varies with bS1 in the absence of intervention, and V S,γN=1
(
bS,C1

)
represents

the constrained laissez-faire (i.e., I = 0) welfare level.

Evaluated at the debt level bS,C1 , the slope of V S,γN=1
(
bS1
)

is positive, which means

that V S,γN=1
(
bS1
)

achieves a peak for some debt level higher than bS,C1 . The reason is that

increasing bS1 both increases cST0 and also pushes down r2, which additionally shifts welfare

from the North to the South. This interest rate effect is not internalized by Southern

households, but does benefit the South as a whole. From panel I of figure 6, we know

that bS,γ
N=1

1 > bS,C1 . What panel III implies is that the increase in debt improves Southern

welfare relative to laissez-faire if and only if bS,γ
N=1

1 ∈
(
bS,C1 ,

(
bS1
)M)

, and worsens welfare

if bS,γ
N=1

1 >
(
bS1
)M

. Notice that
(
bS1
)M

is larger for levels of H such that starting from the

laissez-faire debt level bS,C1 , an increase in debt benefits Southern welfare significantly more

by depressing r2 than it hurts welfare by tightening the Southern borrowing constraint.

V S,γN=0
(
bS1
)

represents the Southern welfare when all welfare gains from period-1 union-

wide bargaining are given to the South instead of to the North. Its graph lies everywhere

above V S,γN=1
(
bS1
)
, and the gap between V S,γN=0

(
bS1
)

and V S,γN=1
(
bS1
)

at the debt level

bS,C1 is higher the tighter is the constraint of the South at that debt level. The increase in

bS,γ
N=0

1 relative to the constrained laissez-faire level bS,C1 , as depicted in panel I of figure 6, is

associated with a welfare improvement for the South if and only if bS,γ
N=0

1 ∈
(
bS,C1 ,

(
bS1
)N)

in panel III.

Panel IV plots the Northern welfare levels V N,γN=0
(
bS1
)

and V N,γN=1
(
bS1
)
:

V N,γN=0
(
bS1
)

= log

{
κ
(
yT1 (1 +H)− bS1

)( 1 + φ+ 2φν

1 + 2φ+ 3φν
+

1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1 + φ+ 2φν

1 + φν

}

V N,γN=1
(
bS1
)

= log
{
κ
(
yT1 (1 +H)− bS1

)
×

(
2−

√(
1 + 3φ+ 4φν

1 + 2φ+ 3φν
− 1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1− φ
1 + φν

)2
 .

Let us now compare each of these to the laissez-faire welfare.
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Applying analogous arguments to those for the Southern welfare graphs, we can establish

that the shape of V N,γN=0
(
bS1
)

reflects how the North’s welfare varies with bS1 in the absence

of intervention, and that V N,γN=0
(
bS,C1

)
represents the North’s constrained laissez-faire (i.e.,

I = 0) welfare level. Evaluated at the debt level bS,C1 , the slope of V N,γN=0
(
bS1
)

is negative,

which means that the peak of V N,γN=0
(
bS1
)

occurs at a level of debt lower than bS,C1 . The

reason is that increasing bS1 not only reduces cNT0 but also, as we mentioned above, pushes

down r2. This interest rate effect is not internalized by Northern households, but does hurt

the North as a whole as it is the saver region. The increase in bS,γ
N=0

1 above bS,C1 from panel

II therefore unambiguously reduces Northern welfare below its laissez-faire level in panel IV.

V N,γN=1
(
bS1
)

represents the Northern welfare when all welfare gains from period-1 bar-

gaining are given to the North. Its graph lies everywhere above V N,γN=0
(
bS1
)
, and the gap

between V N,γN=1
(
bS1
)

and V N,γN=0
(
bS1
)

at the debt level bS,C1 is higher the tighter is the

constraint of the South at that debt level. The increase in bS,γ
N=1

1 relative to the constrained

laissez-faire level bS,C1 , as depicted in panel II of figure 6, is associated with a welfare im-

provement for the North if and only if bS,γ
N=1

1 ∈
(
bS,C1 ,

(
bS1
)P)

in panel III.

Applying the experiment in panels III and IV of figure 6 over the entire set of pre-crisis

heterogeneity levels H ∈ [0, 1], we derive the below proposition characterizing the set of

Pareto-improving period-0 institutional designs
{
I, γN

}
as a function of H.

Proposition 5 (Institutional design) Assume that φ is sufficiently low, i.e., φ ∈
[
0, φ̃
)

for some φ̃ > 0. Then we can define threshold levels H1 and H2 satisfying H1 ∈
(
H, 1

)
and

H2 ∈ (H1, 1) such that (i) institutions are Pareto-improving in period 0 if and only if they

are set up according to:

I (H) =

{
0 for H ∈ [0, H1]

1 for H ∈ (H1, 1] ,

and (ii) the set of bargaining powers γN ∈
[
γNmin (H) , γNmax (H)

]
consistent with a period-0

Pareto improvement follow:

γNmin (H) > 0 and γNmax (H) = 1 for H ∈ (H1, H2]

γNmin (H) > 0 and γNmax (H) < 1 for H ∈ (H2, 1] .

This proposition is illustrated by panels I and II of figure 7, which plot against H the

exponentials of the regional welfare levels {exp (V i)}i∈{N,S} for different institutional designs{
I, γN

}
. In the figure, Hmax = 21+2φ+3φν

1+φ+2φν
lies above 1, but if φ is sufficiently low, then H1

and H2 lie below 1. We conclude this subsection by tracing out the connection between

panels III and IV of figure 6 on the one hand, and panels I and II of figure 7 (and thereby,

proposition 5) on the other.

When H ∈
[
0, H

]
, i.e., the financial union is reasonably homogeneous in its initial

endowments across regions, it is known in period 0 that the Southern borrowing constraint

will never bind. Following proposition 4, there is no argument for setting up institutions to
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facilitate union-wide bargaining, so I = 0.

When H ∈
(
H,H1

]
, i.e., the financial union is slightly heterogeneous, it is known that

the Southern borrowing constraint will bind, but not very tightly. As a result, the Pareto

gains from period-1 bargaining will be small. In panel III of figure 6, bS,γ
N=1

1 ∈
(
bS,C1 ,

(
bS1
)M)

and bS,γ
N=0

1 ∈
(
bS,C1 ,

(
bS1
)N)

are both satisfied, as the South benefits from the increase in

debt induced by the expectation of intervention. However, in panel IV of figure 6, the

welfare result is more negative. Northern welfare is necessarily lower under γN = 0 than

for laissez-faire, and because the Pareto gains are small, the gap between V N,γN=1
(
bS1
)

and

V N,γN=0
(
bS1
)

is small. Therefore,
(
bS1
)P

is low, which in turn means that bS,γ
N=1

1 >
(
bS1
)P

.

In other words, even if the North is allocated all the bargaining power in advance, i.e.,

γN = 1, the North is still worse off from the period-0 perspective if I = 1 is selected. These

results are reflected in panels I and II of figure 7: for H ∈
(
H,H1

]
, Southern welfares under{

I = 1, γN ∈ [0, 1]
}

are higher than under I = 0, while Northern welfares are lower. There

are no Pareto-improving allocations from the period-0 perspective, so as proposition 5 states,

the solution is I = 0.

When H ∈ (H1, H2], i.e., the financial union is moderately heterogeneous, the Pareto

gains from period-1 bargaining become moderately large as well. In panel III of figure 6,

bS,γ
N=1

1 ∈
(
bS,C1 ,

(
bS1
)M)

and bS,γ
N=0

1 ∈
(
bS,C1 ,

(
bS1
)N)

continue to hold as V S,γN=0
(
bS1
)

rises

further above V S,γN=1
(
bS1
)
, so the relative positions of the welfare lines in panel I of figure

7 remain unchanged. By contrast, there is a significant change in panel IV of figure 6. As

Pareto gains are now moderately large, V N,γN=1
(
bS1
)

rises substantially above V N,γN=0
(
bS1
)
,

so that
(
bS1
)P

becomes larger and bS,γ
N=1

1 ∈
(
bS,C1 ,

(
bS1
)P)

becomes satisfied. Therefore, in

panel II of figure 7, the Northern welfare under
{
I = 1, γN = 1

}
becomes higher than under

I = 0. Changing from I = 0 to I = 1 does generate a Pareto improvement from the period-0

perspective as long as γN is sufficiently high (and definitely above 0).

When H ∈ (H2, 1], i.e., the financial union is highly heterogeneous, the Southern borrow-

ing constraint becomes very tightly binding at the laissez-faire allocation and Pareto gains

are very large. There is now a significant change in panel III of figure 6. The large Pareto

gains continue to ensure that bS,γ
N=0

1 ∈
(
bS,C1 ,

(
bS1
)N)

is satisfied. However, the graph for

V S,γN=1
(
bS1
)

reaches its peak much earlier and just above bS,C1 , because for these levels of H,

an increase in debt benefits Southern welfare a little by depressing r2, but it hurts welfare

substantially by tightening the constraint. Therefore, bS,γ
N=1

1 >
(
bS1
)M

becomes true. In

panel I of figure 7, the Southern welfare under
{
I = 1, γN = 1

}
dips below the welfare level

under I = 0. Regarding the North, the relative positions of the graphs in panel IV of figure

6 and panel II of figure 7 remain the same as for H ∈ (H1, H2]. In summary, changing from

I = 0 to I = 1 now generates a Pareto improvement from the period-0 perspective if and

only if γN lies in an intermediate region: γN ∈
[
γNmin (H) , γNmax (H)

]
with γNmin (H) > 0 and

γNmax (H) < 1. Too much bargaining power must not be given to the North or to the South.
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3.4. Discussion

Overborrowing. Northern fears that setting up crisis-time bargaining institutions may induce

the South to borrow more and thereby hurt the North are rationalized in our model for

financial unions whose heterogeneity is low. The expectation of intervention does increase

the level of Southern pre-crisis debt bS1 , which makes the sudden stop more severe, reduces

the union-wide interest rate r2, and shifts welfare from the North to the South. This negative

effect on the North cannot be overcome by the period-1 generation of Pareto gains, even if

all the Pareto gains are given to the North.

However, when the financial union is moderately or highly heterogeneous, this overbor-

rowing worry diminishes relative to the Pareto gains from crisis-time bargaining. These

Pareto gains can be distributed between North and South in a manner to completely offset

the negative impact on the North of higher pre-crisis Southern borrowing. In this context,

the higher bS1 generated by the anticipation of period-1 bargaining is actually a positive sign

that the North and South are fully exploiting their respective comparative advantages (as

savers and borrowers) in an unimpeded union-wide capital market.

In highly heterogeneous unions, care must be taken to limit the North’s bargaining power

γN , so that the South receives some of the Pareto gains during t ∈ {1, 2}. Otherwise, the

externality from household borrowing becomes very severe—Southern households borrow so

much that the South as a whole has a very low outside option during the period-1 bargaining

process—and as a result, the South’s welfare is not improved from the period-0 perspective.

4. A More Elaborate Financial Union

Having proven our main results in a simple financially-closed union containing endowment

economies, we now generalize the results above to a model with financial openness of the

union to the rest of the world, and with production. The potential for Pareto-improving

policies continues to hold, subject to modifications related to the presence of capital inflows

from outside the union, and the intratemporally distortive effects of interventions.

4.1. The Environment for Periods t ∈ {1, 2}
Our financial union F still has the two regions i ∈ {N,S}, with each region continuing to be

composed of a unit measure of countries j ∈ [0, 1]. However, relative to the baseline model,

each country now additionally contains a unit measure of firms in each of the tradable and

nontradable sectors, who produce output by investing in capital. Both households and firms

have access to loans from inside the union at interest rate r2 and from the rest of the world

ROW at interest rate r. Households face limits on how much they can borrow both from

inside the union and from ROW , while firms do not. Since capital inflows from ROW to F

in period 1 are subject to borrowing limits while capital outflows from F to ROW are not,
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we must have r2 ≥ r. Therefore, households borrow as much as they can from ROW and

the remainder from the intra-union loans market, while firms borrow everything they need

from ROW only.

All households within each region begin period 1 with the same inherited debt positions

with respect to the intra-union market and to ROW , while all firms within each region begin

with the same level of capital invested in each sector. Similarly to the baseline model, we

again assume that all governments within each region pursue identical policies.

Households. The representative household in country j of region i has log preferences:

U i,j =
(
log ci,jT1 + ν log ci,jNT1

)
+
(
log ci,jT2 + ν log ci,jNT2

)
, (47)

where ci,jT t and ci,jNTt are respectively the consumption of tradable and nontradable goods

in country j of region i in period t, and ν captures the taste for nontradable goods. The

amended budget and borrowing constraints are:

ci,jT1 + pi,j1 c
i,j
NT1 +

(1 + τ i) ci,jT2 + (1− ηi) pi,j2 c
i,j
NT2

r2

≤ −bi1 −Di
1 + πi,jT1 + πi,jNT1 + xi +

Di,j
2

r
+
πi,jT2 + πi,jNT2 + zi −Di,j

2

r2

(48)

bi,j2 ≡ r2

(
ci,jT1 + pi,j1 c

i,j
NT1 + bi1 +Di

1 − π
i,j
T1 − π

i,j
NT1 − x

i − Di,j
2

r

)
≤ φ

(
πi,jT2 + πi,jNT2 + zi

)
(49)

Di,j
2 ≤ φROW

(
πi,jT2 + zi

)
, (50)

where pi,jt is the relative price of nontradable goods in country j of region i in period t, πi,jT t
and πi,jNTt are respectively the profits of firms in the tradable and nontradable goods sectors in

period t, bi,jt is the inherited debt of each household in country j of region i at the beginning

of period t relative to the intra-union market (with bi,j1 = bi1 for all i,j), Di,j
t is the inherited

debt of that household at the beginning of period t relative to ROW (where Di,j
1 = Di

1 for all

i,j), φ ∈ (0, 1) is the fraction of period-2 total income that is pledgable within the union F

as collateral against borrowing in period 1, φROW ∈ (0, φ) is the fraction of period-2 tradable

income that is pledgable to ROW in period 1, xi and zi are the lump-sum transfers or taxes

provided by all governments in region i to each household under its authority in periods

1 and 2 respectively, and τ i and ηi are respectively a tax on the consumption of tradable

goods and a subsidy on the consumption of nontradable goods imposed by all governments

in region i in period 2.

Nontradable outputs are pledgable only within the union F and not to lenders in ROW .

This assumption reflects that owing to common financial institutions within F , the pledgabil-

ity of future outputs is likely superior within F than between F and ROW . It also clarifies

the exposition: the main results below do hold even if nontradable outputs are partially

pledgable to ROW , but the algebra is more cumbersome. Regarding household wealth, we
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assume that each household in country j of region i owns an equal share of the profits of

all the firms within that country, but that households and firms have only an arms-length

relationship: firms are not allowed to pass on borrowed resources to households.

The household’s first-order conditions yield:(
1 + τ i

)
ci,jT2 ≥ r2c

i,j
T1 (51)

νci,jT1 = pi,j1 c
i,j
NT1 (52)(

1 + τ i
)
νci,jT2 =

(
1− ηi

)
pi,j2 c

i,j
NT2 (53)

Di,j
2

{
= φROW

(
πi,jT2 + zi

)
if r2 > r or (49) is binding

< φROW
(
πi,jT2 + zi

)
otherwise.

(54)

Firms. The profits of the representative firms in the tradable and nontradable sectors of

country j of region i are:

πi,jT1 =
(
1− δi

)
yi,jT1 − rk

i,j
T2, where yi,jT1 = A1−αT

1

(
ki,jT0

)αT
(55)

πi,jT2 =
(
1− ξi

)
yi,jT2 − rk

i,j
T1, where yi,jT2 = A1−αT

2

(
ki,jT1

)αT
(56)

πi,jNTt = pi,jt y
i,j
NTt − rk

i,j
NT,t−1, where yi,jNTt =

(
ki,jNT,t−1

)αNT
, (57)

where yi,jT t and yi,jNTt are respectively the tradable and nontradable outputs in period t, A1−αT
t

captures the level of tradable sector productivity in period t, ki,jT,t−1 and ki,jNT,t−1 are respec-

tively the capital invested in the tradable and nontradable goods sectors in period t− 1 for

use in production in period t, and δi and ξi are the taxes on the production of tradable goods

in periods 1 and 2 respectively by all governments in region i.

In period 1, firms take capital levels ki,jT0 and ki,jNT0 as given (where ki,jT0 = kiT0 and

ki,jNT0 = kiNT0 for all i,j), and they optimally select ki,jT1 and ki,jNT1:

ki,jT1 = A2

(
(1− ξi)αT

r

) 1
1−αT

=
(1− ξi)αTyi,jT2

r
, where yi,jT2 = A2

(
(1− ξi)αT

r

) αT
1−αT

(58)

ki,jNT1 =

(
αNTp

i,j
2

r

) 1
1−αNT

=
αNTp

i,j
2 y

i,j
NT2

r
, where yi,jNT2 =

(
αNTp

i,j
2

r

) αNT
1−αNT

. (59)

Government. We consider two interventions.

• Governmental loan {xi, δi, zi, ξi}i∈{N,S}: Northern governments provide transfers to

Southern governments in period 1 and get repaid in period 2, and all transfers are

funded using production taxes:{
xS = δN

∫ 1

0
yN,jT1 dj > 0

xN = δS = 0

}
and

{
zN = ξS

∫ 1

0
yS,jT2 dj > 0

zS = ξN = 0

}
. (60)
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This intervention requires governments to be able to commit to repay loans in period 2,

getting around households’ borrowing constraints.

• Tax-subsidy with debt relief {xi, δi, τ i, ηi}i∈{N,S}: Northern governments provide trans-

fers to Southern governments in period 1 funded by production taxes, and Southern

governments impose a budget-neutral combination of taxes and subsidies on consump-

tion in period 2:{
xS = δN

∫ 1

0
yN,jT1 dj > 0

xN = δS = 0

}
and

{
τN = ηN = 0

τS, ηS > 0

}
, (61)

where τScS,jT2 = ηSpS,j2 cS,jNT2 for all j.21 (62)

This intervention requires governments in period 1 to be able to commit to undertake

specific fiscal policy actions in period 2, but not to be able to commit to repay.

Resource constraints. Equations (60)-(62) already capture the notion of political closure, i.e.,

governments in ROW have no influence on public transfers within the union. Our financial

union is no longer financially closed to the rest of the world, but the intra-union loans market

must still clear:

bS1 = −bN1 ∈
(
0,
(
bS1
)max)

and
∑

i∈{N,S}

∫ 1

0

bi,j2 dj = 0. (63)

where
(
bS1
)max

is the highest value of debt consistent with non-negative Southern consump-

tion in period 1. The market for nontradable goods must clear within each country j:

ci,jNTt = yi,jNTt for all i, j, t. (64)

Combining the household budget constraint (48), production functions (55)-(57), govern-

ment budget constraints (60)-(62), and market-clearing conditions (63)-(64), we establish

the union-wide resource constraints on tradable goods:

∑
i∈{N,S}

∫ 1

0

ci,jT1dj = −
(
DN

1 +DS
1

)
+

∑
i∈{N,S}

(
A1

(
kiT0

)αT − rkiT0 − rkiNT0

)
+

∑
i∈{N,S}

∫ 1

0

Di,j
2

r
dj

(65)∑
i∈{N,S}

∫ 1

0

ci,jT2dj = −
∑

i∈{N,S}

∫ 1

0

Di,j
2 dj +

∑
i∈{N,S}

∫ 1

0

(
A2

(
ki,jT1

)αT − rki,jT1 − rk
i,j
NT1

)
dj (66)

∑
i∈{N,S}

∫ 1

0

Di,j
2 dj ≤

∑
i∈{N,S}

∫ 1

0

φROW

(
A2

(
ki,jT1

)αT − rki,jT1

)
dj. (67)

21This equality is feasible because
{
cS,jT2 , p

S,j
2 , cS,jNT2

}
turn out to be identical for all j in equilibrium.
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Competitive equilibrium allocations. A rational expectations equilibrium is a set of prices

and allocations
{
r2,
{
pi,jt , c

i,j
T t, c

i,j
NTt, y

i,j
T t, y

i,j
NTt

}
t∈{1,2} , k

i,j
T1, D

i,j
2

}
i∈{N,S},j∈[0,1]

which satisfy the

households’ constraints and first-order conditions (48)-(54), the production equations (55)-

(59), and the market-clearing conditions for the union (64)-(67), subject to the set of inherited

debt levels and government policies {bi1, Di
1, x

i, δi, zi, ξi, τ i, ηi}i∈{N,S} defined by (60)-(63).

As in the baseline model, the equilibrium values of all variables are identical for all

countries j within each region i, so we again suppress country superscripts in favor of regional

superscripts. The amended system of equations is as follows:

(2 + αNTν) cNT1 =
(
−BN

1 − ΦN
T1

)
+

(
φROW
r

+
1− φROW

r2

)(
Π2 + ΦS

T2

)
(68)

cST1 +
(
1 + αNT

(
ν + τS + ντS

)) cST2

r2

=
(
−BS

1 + ΦN
T1

)
+

(
φROW
r

+
1− φROW

r2

)(
Π2 −∆S

T2

)
(69)

RS
2 ≡

cST2

cST1

≥ r2

1 + τS
(70)

cST1 − φ (1− αNT )
(
ν + τS + ντS

) cST2

r2

≤
(
−BS

1 + ΦN
T1

)
+

(
φROW
r

+
φ

r2

)(
Π2 −∆S

T2

)
(71)

cNT1 + cST1 = −
(
BN

1 +BS
1

)
+
φROW
r

(
Π2 −∆S

T2

)
+
DN

2

r
(72)

(1 + αNTν) r2c
N
T1 +

(
1 + αNT

(
ν + τS + ντS

))
cST2

= (1− φROW )
(
Π2 −∆S

T2

)
+
(
Π2 + ΦS

T2

)
−DN

2 (73)

DN
2 ≤ φROW

(
Π2 + ΦS

T2

)
and r2 ≥ r (74)

ΦN
T1 ≤

(
ΦN
T1

)max
= yNT1 and ΦS

T2 ≤
(
ΦS
T2

)Laffer
= α

αT
1−αT
T Π2, (75)

where Bi
1 = bi1 + Di

1 + rkiT0 + rkiNT0 − yiT1 represents region i’s inherited debts less its

tradable output in period 1 (where BN
1 + BS

1 is assumed to be a negative constant), Πt =

(1− αT )At
(
αT
r

) αT
1−αT represents the profits of tradable-sector firms in period t in the absence

of distortions, Φi
T1 ≡ δiyiT1 and Φi

T2 ≡ ξiyiT2 are the revenues raised by region i using taxes

on tradable production in periods 1 and 2 respectively, and ∆S
T2 = Π2

[
1−

(
1− ξS

) 1
1−αT

]
is the tax-induced reduction in Southern profits in period 2.

(
ΦN
T1

)max
= yNT1 because

{kiT0, k
i
NT0}i∈{N,S} are exogenous. Owing to the distortive nature of the period-2 produc-

tion tax, ∆S
T2 is larger than ΦS

T2, while the value of
(
ΦS
T2

)Laffer
comes from the peak of the

Laffer curve. Walras’ Law means that one out of the equations (72) and (73) is redundant.
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There are now two sets of equations that hold with complementary slackness. The first

set comprises equations (70) and (71), similarly to the baseline model. We assume that in

the absence of the intra-union borrowing constraint (71), the interest rate within F is strictly

higher than r:

r∗2 =
2 (1− φROW ) Π2

(1 + αNTν)
(
− (BN

1 +BS
1 ) + 2φROW

r
Π2

) > r.

The only way that the intra-union interest rate r2 can go below r∗2, and possibly even touch

r, is for the Southern constraint to be binding.

The second set of equations that hold with complementary slackness is given by equation

(74). If r2 > r, then both North and South borrow the maximum possible from ROW , so

DN
2 = φROW

(
Π + ΦS

T2

)
. Our model’s pattern of lending matches Chen et al. (2012): the

South borrows from both the North and ROW , while the North lends to the South using

both its own saving and also intermediated funds from ROW . In our model, the North earns

a riskless premium (r2 − r) > 0 on all the funds it intermediates from ROW . If r2 = r, then

the Southern constraint continues to bind, implying that DS
2 = φROW

(
Π−∆S

T2

)
, but now

DN
2 lies below φROW

(
Π + ΦS

T2

)
, and is given by the residual from equation (72).

Capital inflows from ROW in period 1 allow the union as a whole to expand its tradable

consumption in that period. The union’s period-1 current account balance is given by:

Ψ1 =
1

r

(
BN

1 +BS
1 + yNT1 + yST1

)
− 1

r

αT
1− αT

(
2Π2 −∆S

T2

)
− 1

r
αNT

(
νcNT2 +

(
ν + τS + ντS

)
cST2

)
− 1

r

(
φROW

(
Π2 −∆S

T2

)
+DN

2

)
.

The first sum in brackets is exogenous and represents the principal repayments of all inherited

debts. The negative terms represent new borrowing from ROW by tradable-sector firms,

nontradable-sector firms, and households respectively.

4.2. Pareto Efficiency of the Laissez-Faire Equilibrium

First best. The first-best allocation maximizes
∑

i∈{N,S}
∫ 1

0
λi,jU i,jdj subject to the market-

clearing conditions (64)-(67) and the Pareto weights {λi,j = λi}i∈{N,S},j∈[0,1], ignoring the

borrowing constraint (49).

Lemma 7 (First-best allocation) Irrespective of {λi}i∈{N,S}, the first-best allocation fea-

tures
ciT2

ciT1
= r∗2, kiT1 = A2

(
αT
r

) 1
1−αT , and kiNT1 =

αNT νc
i
T2

r
for all i, and the union-wide

condition (67) holds with equality.

While the levels of consumption {ciT t}i∈{N,S},t∈{1,2} do depend on the Pareto weights

{λi}i∈{N,S}, the intertemporal ratio
ciT2

ciT1
does not. The difference from the baseline first-

best allocation is that there are now expressions for the optimal sectoral investment levels
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{kiT1, k
i
NT1}i∈{N,S}. Each country’s tradable production depends only on the ROW interest

rate r, and the resulting output is then either distributed among the regions according to

the weights {λi}i∈{N,S}, or repaid in interest to ROW . Since nontradable goods cannot be

transported between countries, their production and consumption in each region depends

not just on r but also on {λi}i∈{N,S}.
The union borrows up to its constraint from the rest of the world, which means that the

period-1 current account balance Ψ1 does not depend on the Pareto weights.

Laissez faire. The laissez-faire equilibrium follows equations (68)-(75), setting δN = ξS =

τS = 0. The resulting allocations are indexed by BS
1 (keeping the sum BN

1 + BS
1 constant)

and are shown by the solid lines in figure 8. The dashed lines represent the unconstrained

equilibrium, i.e., the equilibrium calculated ignoring condition (71). The unconstrained and

constrained levels of tradable consumption in the South are:

ci∗T1 = − 1

2 + αNTν

(
Bi

1 +
(1 + αNTν)

(
BN

1 +BS
1

)
2

)
+
φROW
r

Π2 and ci∗T2 = r∗2c
i∗
T1 for all i

(76)

cS,CT1 =


cS∗T1 for BS

1 ∈
[
0, B

S

1

]
−ω1B

S
1 − ω2

(
BN

1 +BS
1

)
+ ω3

φROW
r

Π2 for BS
1 ∈

(
B
S

1 , B
S,r
1

)
−BS

1 + φROW+φ
r

Π2 + φ (1− αNT ) ν
cST2

r
for BS

1 ≥ BS,r
1

(77)

and cS,CT2 =

{
cS∗T2 for BS

1 ∈
[
0, B

S

1

]
cST2 for BS

1 > B
S

1 ,

where {ωk}k∈{1,2,3} > 0, ω1 ∈
(

1
2+αNT ν

, 1
)

, cST2 = (1−φROW−φ)Π2

1+(αNT+φ(1−αNT ))ν
, and there exist B

S

1 and

BS,r
1 satisfying BS,r

1 > B
S

1 > 0 (we assume that r is below r∗2, as stated above, but also high

enough so that cS,CT1 does not go to zero to the left of BS
1 = BS,r

1 ). The equilibrium is defined

up to
(
BS

1

)max
= φROW (1+αNT ν)+φ(1+ν)

1+(αNT+φ(1−αNT ))ν
Π2

r
, which also implicitly defines

(
bS1
)max

.

Panels I and III of figure 8 illustrate that the constraint becomes binding when BS
1 > B

S

1 .

Panel II shows that as in the baseline model, r2 and RS
2 diverge for BS

1 > B
S

1 . The difference

from the baseline model is that for BS
1 ≥ BS,r

1 , the intra-union interest rate r2 cannot decline

below r without leading to unlimited capital outflows from F to ROW , so instead it stays

fixed at r. Since the decline in r2 as BS
1 increases within

(
B
S

1 , B
S,r
1

)
cushions Southern

consumption from the tightening constraint, the absence of a continued interest rate decline

means that cS,CT1 falls more steeply with BS
1 when BS

1 ≥ BS,r
1 (i.e., the slope magnitude 1 is

greater than ω1), and RS
2 increases more steeply as a result.

Panel IV compares the constrained regional welfares {U i,j = U i}i∈{N,S},j∈[0,1] to their

unconstrained levels {U i∗}i∈{N,S}. While the relative behavior of the graphs mostly echoes

the baseline model, there is a difference for BS
1 ≥ BS,r

1 : since r2 is fixed and can play no

cushioning effect for these high debt levels, constrained Southern welfare falls more steeply
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with BS
1 while Northern welfare increases more steeply. Therefore, the graphs for both

regions have a kink at BS
1 = BS,r

1 .

Panels V and VI illustrate the behavior of variables which are important in our generalized

model but were missing from the baseline model. Panel V shows the Southern tradable

and nontradable outputs in period 2, which are determined by the corresponding period-1

investment levels, kiT1 = A2

(
αT
r

) 1
1−αT and kiNT1 =

αNT νc
i
T2

r
for all i. Tradable production

does not vary with BS
1 , while nontradable production moves in line with the value of cST2

from panel I. Panel VI shows the period-1 current account position of the union, which is flat

for BS
1 ∈

[
0, BS,r

1

]
but increases when BS

1 > BS,r
1 . In the latter region, the North chooses to

borrow less from ROW than its borrowing constraint allows, so tradable consumption inside

the union declines. Even though the union as a whole is able to borrow more from ROW ,

and the South values consumption highly at the margin, the North does not intermediate

funds from ROW to the South because the latter region is borrowing-constrained in the

intra-union loans market and cannot absorb more funds.

The above results are summarized in the proposition below.

Proposition 6 (Laissez-faire equilibrium) The laissez-faire equilibrium is a first-best al-

location for some Pareto weights {λi}i∈{N,S} when BS
1 ∈

[
0, B

S

1

]
, but lies in the interior of the

first-best frontier when BS
1 > B

S

1 . In the latter region, cS,CT2 = cST2 and RS
2 > r∗2 > r2. Ψ1 is

flat for BS
1 ∈

[
0, BS,r

1

]
, but dΨ1

dBS1
= 1

2+αNT ν
> 0 when BS

1 > BS,r
1 . There exists B̂S

1 <
(
BS

1

)max

such that welfare levels follow:

UN

{
= UN∗ for BS

1 ∈
[
0, B

S

1

]
< UN∗ for BS

1 > B
S

1

and US


= US∗ for BS

1 ∈
[
0, B

S

1

]
> US∗ for BS

1 ∈
(
B
S

1 , B̂
S
1

)
< US∗ for BS

1 > B̂S
1 ,

where B̂S
1 < BS,r

1 iff r is sufficiently low. Define U i,CF as the counterfactual welfare for

region i when we use equations (68)-(75) and fix DN
2 = φROW

(
Π + ΦS

T2

)
, even if the result

of doing so is the infeasible configuration of interest rates r2 < r. Then for BS
1 > BS,r

1 ,

UN > UN,CF and US < US,CF .

4.3. Pareto-improving Interventions

Echoing our approach for the baseline model, we start at a constrained equilibrium, i.e.,

BS
1 > B

S

1 , and select policy tools
{
δN , ξS, τS

}
to maximize the Nash product (28) subject to

equations (68)-(75). We again assume that all the governments within each region i bargain

as a coalition, with bargaining powers satisfying γN = 1− γS ∈ [0, 1].

The impact of small changes in the interventions can be analyzed using the same steps

as in the baseline model. We analyze the configuration BS
1 ∈

(
B
S

1 , B
S,r
1

]
to begin with and

return later to BS
1 > BS,r

1 . In order to focus in this section on those results that are new

relative to the baseline model, let us go straight to the expression for the Pareto gains:
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dU i
(
δN , ξS, τS

)∣∣
dU−i(δN ,ξS ,τS)=0

=
1

ciT1

1

r2

(
1− r2

RS
2

1 + αNTν

1 + αNT (ν + τS + ντS)

)
(1− φROW − φ)

(
1 + αNT

(
ν + τS + ντS

))
1 + (αNT + φ (1− αNT )) (ν + τS + ντS)

dΦS
T2

− 1

ciT1

1

r2

( (
φROW

r2
r

+ (1− φROW )
)

−
(

1− r2
RS2

1+αNT ν
1+αNT (ν+τS+ντS)

)
(1−φROW−φ)(1+αNT (ν+τS+ντS))

1+(αNT+φ(1−αNT ))(ν+τS+ντS)

)
ξSαT

1− ξS − αT
dΦS

T2

+
1

ciT1

1

r2

(
1− r2

RS
2

1 + αNTν

1 + αNT (ν + τS + ντS)

)
cST2φ (1 + ν) (1− αNT )

1 + (αNT + φ (1− αNT )) (ν + τS + ντS)
dτS

− cST1

ciT1

αNT (1 + ν)

(
1 + αNTν

1 + αNT (ν + τS + ντS)
− ν

ν + τS + ντS

)
dτS, (78)

where dΦN
T1 has been set to satisfy dU−i

(
δN , ξS, τS

)
= 0 conditional on arbitrary values of{

dΦS
T2 = 1−ξS−αT

(1−ξS)(1−αT )
yST2dξ

S, dτS
}

. At the laissez-faire equilibrium, RS
2 > r2 and δN = ξS =

τS = 0, so there are positive Pareto gains from regional bargaining and interventions.

In the baseline model, regional bargaining was able to achieve allocations on the first-best

frontier: interventions reduced RS
2 and increased r2 until they eliminated the intertemporal

distortion arising from the borrowing constraint. In our more elaborate financial union,

only distortive interventions are available, so the interventions generate new intratemporal

distortions as they mitigate the existing intertemporal distortions.

In the above expression, the two terms indexed by dΦS
T2 capture the effects of the govern-

mental loan. The first term indicates a reduction in the intertemporal distortion similar to

that in the baseline model, but the second term is negative, indicating that the tax-induced

decrease in period-2 Southern tradable output hurts union-wide consumption and welfare.

The two terms indexed by dτS capture the effects of the tax-subsidy intervention with debt

relief. The first term indicates a reduction in the intertemporal distortion similar to that in

the baseline model, but the second term is negative, indicating that the tax-induced increase

in period-2 Southern nontradable output hurts union-wide welfare. The welfare benefits from

the additional Southern consumption of nontradable goods fall short of the welfare losses

owing to higher repayments to ROW by Southern nontradable-sector firms.

Distortive interventions are not used all the way until the intertemporal distortion is

eliminated, but rather until the marginal reduction in the constraint-induced intertemporal

distortion is equal to the marginal increase in the policy-induced intratemporal distortion.

Therefore, regional bargaining is no longer able to bring the union to the first-best frontier,

and it traces out a second-best frontier instead.22

Figure 9 illustrates the effects of Pareto-improving interventions for BS
1 ∈

(
B
S

1 , B
S,r
1

]
,

with the governmental loan indexed by ΦS
T2, and the tax-subsidy intervention with debt relief

indexed by τS. The qualitative effects of these interventions in panels I through IV are similar

22The desire to equalize the marginal changes in the intertemporal and intratemporal distortions means

that the condition ΦST2 ≤
(
ΦST2

)Laffer
never binds. On the other hand, the condition ΦNT1 ≤

(
ΦNT1

)max
may

bind—and if it does so, the first-best frontier goes further out of reach.
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to those in the baseline model, but the Pareto-efficient magnitudes of both interventions are

smaller owing to the distortions that they generate.

The new results from our extended model are shown in panels V and VI. The interventions

now affect period-2 output, because firms base their period-1 investment decisions on period-2

taxes and prices. The governmental loan reduces Southern tradable and nontradable output,

while the tax-subsidy intervention with debt relief increases Southern nontradable output:

dyST2

dΦS
T2

< 0,
dySNT2

dΦS
T2

< 0 and
dyST2

dτS
= 0,

dySNT2

dτS
> 0.

The interventions have opposite effects on the current account balance. The governmental

loan causes the balance to increase toward surplus, because it reduces period-1 borrowing:

the reduction in Southern period-2 tradable output tightens the borrowing constraint of

Southern households, while the reduction in tradable and nontradable output in the South

reflects lower investment by Southern firms in both sectors. The tax-subsidy intervention

causes the current account balance to decrease toward deficit, because the higher pS2 generates

higher investment by Southern nontradable-sector firms. Summarizing these results:

dΨ1

dΦS
T2

> 0 and
dΨ1

dτS
< 0.

The Pareto gain expression above continues to apply for the configuration BS
1 > BS,r

1 , if

we set r2 = r. The qualitative results in figure 9 also continue to apply, with two exceptions.

Firstly, the interest rate r2 remains fixed at r instead of increasing at the beginning of the

interventions. As we increase the size of the interventions, it is possible—but not certain—

that r2 eventually rises above r. Secondly, when BS
1 > BS,r

1 , the laissez-faire current account

balance is higher than the first-best level, which in turn may alter the sign of dΨ1

dΦST2
from

positive to negative for small values of the governmental loan. The reason is that this

intervention causes the North to borrow more from ROW in order to pass on the capital

flows, packaged as governmental loans, to the South.

The above results are summarized in the proposition below, which characterizes the

outcome of regional bargaining when only distortive interventions are available.

Proposition 7 (Second-best frontier) When BS
1 > B

S

1 , each intervention achieves a

Pareto improvement relative to the laissez-faire equilibrium, but each has different effects on{
yST2, y

S
NT2,Ψ1

}
. Bargaining between North and South achieves an allocation on the second-

best frontier, defined by the condition dU i
(
δN , ξS, τS

)∣∣
dU−i(δN ,ξS ,τS)=0

= 0 for i ∈ {N,S}. If

both interventions are available, then both are used at the frontier, i.e., ξS > 0 and τS > 0.

The condition ΦS
T2 ≤

(
ΦS
T2

)Laffer
never binds, but the condition ΦN

T1 ≤
(
ΦN
T1

)max
may do so.

Combining the interventions. The availability of the two distortive interventions depends

on different political factors: the governmental loan depends on the ability of the South
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to commit to repay, while the tax-subsidy intervention requires the North to offer up-front

debt relief. If only one out of the two interventions is available, then that is what regional

bargaining should focus on. However, if both interventions are available, then both should

be used. Each marginal reduction in the intertemporal distortion is less costly in terms of

marginal intratemporal distortions if the latter distortions are spread out throughout the

economy, rather than focused on one sector.

Deviating from the second-best combination of interventions reduces the welfare gains

for both North and South, as Pareto gains remain unexploited. Excessive use of the govern-

mental loan causes an excessive reduction in Southern tradable output in period 2, and an

excessively large union-wide current account surplus in period 1. Excessive use of the tax-

subsidy intervention with debt relief causes an excessive stimulus to Southern nontradable

output in period 2, and an excessively large union-wide current account deficit in period 1.

4.4. The Environment for Period t = 0

Having shown that the potential for Pareto improvements during t ∈ {1, 2} carries over from

our baseline model to our more elaborate financial union, we next explore whether regional

bargaining during crises continues to be Pareto-improving from the pre-crisis perspective, as

it was in the baseline model under some conditions.

Echoing the approach in section 3.1, we again add a pre-crisis period labeled as t = 0,

but there are two differences. Firstly, there is a unit measure of firms in each of the tradable

and nontradable sectors which invest capital in period 0 to produce output in period 1.

Secondly, in addition to the intra-union loans market with interest rate r1, loans from ROW

are available at interest rate r ≤ r1. As in section 4.1, households face borrowing constraints,

while firms do not.

Households. The representative household in country j of region i has the amended log

preferences:

V i,j =
(
log ci,jT,−1 + ν log ci,jNT,−1

)
+
(
log ci,jT0 + ν log ci,jNT0

)
+ U i,j, (79)

where ci,jT t and ci,jNTt are respectively the consumption of tradable and nontradable goods in

country j of region i in period t, and U i,j follows equation (47). The new equations for

household debt and the borrowing constraint are:

bi,j1 ≡ r1

(
ci,jT0 + pi,j0 c

i,j
NT0 − e

i,j − pi,j0 yNT0 −
Di,j

1

r

)
(80)

Di,j
1 ≤ φROW

(
πi,jT1 + xi,j

)
, (81)

where ei,j is the tradable endowment of each household in country j of region i in period 0

(with ei,j = ei for all j), yNT0 is the nontradable endowment common to all countries in

period 0, pi,j0 is the price of nontradable goods in country j of region i in period 0, and the
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other variables are as defined in section 4.1. The equations (48)-(50) continue to apply.

In addition to the conditions (51)-(54), the household’s consumption choices now also

satisfy the following conditions for period 0:

ci,jT1 = ri,j1 c
i,j
T0 (82)

νci,jT0 = pi,j0 c
i,j
NT0, (83)

while equation (81) holds with equality.

Firms. The period-1 profits of the representative firms in the tradable and nontradable

sectors are given by equations (55) and (57). Therefore, the period-0 investment decisions

take the following form:

ki,jT0 = A1

(
(1− δi)αT

r

) 1
1−αT

=
(1− δi)αTyi,jT1

r
, where yi,jT1 = A1

(
(1− δi)αT

r

) αT
1−αT

(84)

ki,jNT0 =

(
αNTp

i,j
1

r

) 1
1−αNT

=
αNTp

i,j
1 y

i,j
NT1

r
, where yi,jNT1 =

(
αNTp

i,j
1

r

) αNT
1−αNT

. (85)

Resource constraints. The additional market-clearing conditions for the union are:

ci,jNT0 = yNT0 for all i, j (86)∑
i∈{N,S}

∫ 1

0

ci,jT0dj = eT +
∑

i∈{N,S}

∫ 1

0

Di,j
1

r
dj (87)

∑
i∈{N,S}

∫ 1

0

Di,j
1 dj ≤

∑
i∈{N,S}

∫ 1

0

φROW

(
A1

(
ki,jT0

)αT − rki,jT0

)
dj, (88)

where eT ≡
∑

i∈{N,S}

∫ 1

0
ei,jdj is the total period-0 tradable endowment within the union. As

in section 3.1, we assume that eS ∈
[
0, e

T

2

]
, and we define H ≡ eN−eS

eT
= 1− 2 e

S

eT
∈ [0, 1].

Competitive equilibrium allocations. Building on the definition of the rational expecta-

tions equilibrium in section 4.1, we expand the set of prices and allocations to include{
r0, p

i,j
0 , c

i,j
T0, c

i,j
NT0, k

i,j
T0, D

i,j
1

}
i∈{N,S},j∈[0,1]

, and we expand the set of equilibrium conditions

to include equations (80)-(88). We solve the system of equations subject to the degree of

heterogeneity H and the government policies {xi, δi, zi, ξi, τ i, ηi}i∈{N,S} defined by (60)-(62).

Again suppressing country superscripts in favor of regional superscripts, we can solve for

the tradable consumption levels in period 0 and the implied levels of household debt:

ciT0 =
ciT1

r1

for all i

bS1 = cST1 − r1

[
eT

2
(1−H) +

φROW
r

(
Π1 + ΦN

T1

)]
= −bN1 .
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Combining these expressions with the firms’ optimization conditions and the union’s resource

constraints, we derive the formulae for BS
1 and BN

1 +BS
1 :

BS
1 = (1 + αNTν) cST1 − r1

eT

2
(1−H)− φROW

(r1

r
− 1
) (

Π1 + ΦN
T1

)
− Π1 (89)

BS
1 +BN

1 = αNTν
(
cST1 + cNT1

)
− (1− φROW )

(
2Π1 −∆N

T1 + ΦN
T1

)
, (90)

where r1 =
cST1 + cNT1

eT + φROW
r

(2Π1 −∆N
T1 + ΦN

T1)
and ΦN

T1 ≤
(
ΦN
T1

)Laffer
= α

αT
1−αT
T Π1. (91)

Therefore, the union-wide equilibrium can be reduced to the set of prices and allocations{
r2, p

S
2 , c

S
T1, c

S
T2, c

N
T1, D

N
2

}
as a function of

{
H, δN , ξS, τS

}
, subject to the equations (68)-(74)

and (89)-(91). The new limit
(
ΦN
T1

)Laffer
allows period-0 investment to adjust according to

expectations of the period-1 production tax, so ΦN
T1 ≤

(
ΦN
T1

)Laffer
is a tighter condition than

ΦN
T1 ≤

(
ΦN
T1

)max
.

Using the amended system of equations, we find that the borrowing constraint of Southern

households becomes binding when the degree of pre-crisis heterogeneity is high:

H > H = (3 + 2αNTν)

(
1 +

φROW
r

2Π1

eT

)
φ (1 + (αNT + (1− φROW ) (1− αNT )) ν)

(1− φROW ) (1 + (αNT + φ (1− αNT )) ν)
(92)

⇔ BS
1 > B

S

1 .

For H ∈
(
H, 1

]
, the laissez-faire equilibrium lies strictly in the interior of the first-best

frontier, and the question of whether to allow crisis-time intervention becomes relevant. For

very high values of H, the condition ΦN
T1 ≤

(
ΦN
T1

)Laffer
may bind, because large interventions

are chosen in periods t ∈ {0, 1} to combat the large intertemporal distortions afflicting the

union under laissez-faire.

Institutional design. As in section 3.1, regional coalitions of Northern and Southern govern-

ments must decide at the beginning of period 0 on the values of I ∈ {0, 1} and γN ∈ [0, 1].

As the above equations make clear, the expectation of intervention affects the optimization

conditions for households and firms in period 0, so the choice of
{
I, γN

}
helps to determine

the equilibrium levels of BS
1 and BS

1 +BN
1 for any given value of H. For I = 0, no crisis-time

interventions are allowed; for I = 1, regional coalitions bargain in period 1 over unlimited

interventions
{
δN , ξS, τS

}
, while taking BS

1 and γN as given.

4.5. Pareto-improving Institutional Design

An advantage of our baseline model was that we could derive closed-form solutions for final

allocations as a function of the pre-crisis degree of heterogeneity H and the choice of
{
I, γN

}
.

Therefore, in section 3.3, we were able to analytically prove that regional bargaining during

crises was Pareto-improving from the pre-crisis perspective for some values of H and γN . In

our more elaborate financial union, the second-best nature of the post-intervention frontier
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means that we cannot derive closed-form solutions for all the final allocations, so for the

analysis of pre-crisis welfare changes, we go straight to illustrative simulations.

Our simulations are designed to demonstrate the existence of Pareto improvements from

the pre-crisis perspective, not to approximate any specific real-world financial union. To

construct figures 10 and 11, we have chosen parameters to facilitate comparisons to the

proofs and graphs from section 3.3.23 We plot the unconstrained allocation, the constrained

laissez-faire allocation (corresponding to I = 0), and then the post-intervention allocations

(corresponding to I = 1) for two values of the bargaining parameter, γN = 0 and γN = 1. We

focus on a union with enough pre-crisis heterogeneity that the Southern borrowing constraint

is expected to bind, i.e., H > H = 0.28.

Figure 10 illustrates how the level of BS
1 and regional welfares change as we move from the

unconstrained allocation to the constrained laissez-faire allocation. Panel I shows that the

expectation of the binding Southern borrowing constraint reduces the level of BS
1 , because

Southern households consume less and nontradable-sector firms invest less when they expect

lower tradable and nontradable consumption in period 1.

Panel II plots the change in regional welfares, {V i − V i∗}i∈{N,S}. The numerical findings

from our elaborate financial union follow closely the predictions of proposition 4 from the

baseline model. When H is such that the constraint is just binding, the constraint benefits

the South and hurts the North because it tilts the “intertemporal terms of trade” in favor

of the former; but when H is larger, the constraint hurts the South as well, because the

intertemporal transfer of consumption away from period 1 becomes more and more painful.

Figure 11 focuses on how union-wide allocations change when crisis-time bargaining is

allowed. Panel I shows that the expectation of intervention increasesBS
1 above its laissez-faire

level, because the increase in Southern consumption in period 1 stimulates higher Southern

consumption and nontradable-sector investment in the previous period as well. The post-

intervention level of BS
1 is higher when the South expects to have more bargaining power in

crisis-time bargaining.

As in the baseline model, the union-wide sum of the inherited debts of households, bS1 +bN1 ,

is equal to zero. However, equations (72) and (90) establish that in our more elaborate

financial union, the sum BS
1 +BN

1 changes in response to expected interventions, because the

interventions generate distortions to tradable output in periods 1 and 2. Period-1 distortions

reduce both of the terms in equation (90), while period-2 distortions reduce only the first

term. Panel II of figure 11 shows that for our chosen parameters, the post-intervention

value of BS
1 + BN

1 increases above its laissez-faire level. Therefore, the impact of period-1

distortions on the second term of equation (90) turns out to be the dominant influence.

23The parameters are: φ = 0.05, φROW = 0.01, αT = 0.5, αNT = 0.2, ν = 1, r = 1, eT = 0.5, A1 = 2,
and A2 = 4. Therefore, Π1 = 0.5, Π2 = 1, H = 0.28, and the unconstrained interest rates are r∗1 = 1.96 and
r∗2 = 1.65. Our simulation strategy is: (i) firstly, for any BS1 and BS1 +BN1 , find the unconstrained allocation,
the constrained allocation, and the two post-intervention allocations indexed by

{
dU i = 0

}
i∈{N,S}, the latter

drawing on the proof of proposition 7; and (ii) secondly, endogenize both BS1 and BS1 +BN1 for a given H.
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Finally, panels III and IV demonstrate that for some parameter configurations, Pareto

improvements may exist from the pre-crisis perspective. The lines in these panels show

the change in regional welfares from the laissez-faire allocation to the post-intervention al-

locations,
{
V i,γN − V i

}
i∈{N,S},γN∈{0,1}

. Relative to the baseline model, our more elaborate

financial union has new economic mechanisms in action. The interventions generate distor-

tions in tradable and nontradable output in periods 1 and 2, which affect investment levels as

well as the pledgability of union-wide output to ROW in periods 0 and 1. In addition, wel-

fare gains from the pre-crisis perspective are hampered by the fact that period-1 distortions

are not taken into account during regional bargaining in period 1, because that bargaining

process treats {kiT0, k
i
NT0}i∈{N,S} as exogenous.

Nevertheless, for our chosen parameters, our numerical findings yield no surprises relative

to the baseline model, and in fact the results from our more elaborate financial union are

best understood by comparing them to proposition 5 and figure 7. V S,γN=0 always lies

above the laissez-faire level V S, while V S,γN=1 lies above V S for H ∈
(
H = 0.28, H2 = 0.80

]
.

V N,γN=0 lies everywhere below the laissez-faire level V N , while V N,γN=1 dips below V N for

H ∈
(
H = 0.28, H1 = 0.43

)
and then exceeds V N for H ∈ (H1 = 0.43, 1]. Therefore, in our

more elaborate financial union, there exist values of H and γN such that regional bargaining

during crises continues to be Pareto-improving from the pre-crisis perspective.

5. Conclusion

The financial integration of heterogenous regions of countries generates novel economic prob-

lems. Over and above the risk-sharing concerns that lay at the heart of the literature on

optimal currency areas, we need to think about designing institutions which facilitate the

efficient flow of capital from the core to the periphery, and which mitigate the financial crises

that arise when the flows turn out to have been misdirected and/or excessive. Waves of fi-

nancial integration mediated by asymmetric debt flows are especially subject to sudden stops

when financial frictions bind, and lessons from the emerging markets literature may become

surprisingly relevant—and indeed exacerbated via an endogenous interest rate—even if the

member countries of the union are all advanced. The key element is that the institutions

to efficiently manage capital flows may exist within but not between such countries, both

because the cross-border flows are new and because political sovereignty constraints limit

the creation of supranational entities until crises occur.

We have designed a model with the above environment in mind. We identify two

interventions—governmental loans and/or tax-subsidy packages with debt relief—which could

be used to tackle union-wide financial imperfections, going beyond the standard toolkit of

monetary and fiscal policies. We focus on generating Pareto improvements so as to respect

political sovereignty constraints. We analyze changes in pre-crisis welfare as well, so as to

address the real fear that crisis-time bargaining may generate pre-crisis overborrowing; we
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find that such concerns are dominated by the size of crisis-time Pareto gains when the degree

of heterogeneity of the financial union is sufficiently high.

Our baseline model and more elaborate financial union provide complementary messages.

The baseline model captures our fundamental mechanisms while being simple enough to

generate all final allocations, with and without intervention, in closed form. As a result, we

are able to prove all of our main results and trace through all the relevant economic channels.

The more elaborate financial union preserves the result that Pareto improvements are

possible, while also showing that the final allocations move from first-best to second-best,

and the two interventions have quite different effects on tradable and nontradable output.

In addition, we show that the current account balance of the union as a whole becomes

excessively large when the governmental loan is overused relative to tax-subsidies and debt

relief. The results for pre-crisis welfares do not follow closed-form solutions in the more

elaborate financial union, but the numerical simulation results can be easily understood via

comparison with the proofs from the baseline model.

For sufficiently heterogeneous financial unions, our main lesson holds for both the base-

line model and the more elaborate financial union, and from both crisis-time and pre-crisis

perspectives: inter-regional lending and debt relief institutions need to be built.
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Proofs

Lemma 1. Take first-order conditions of the first-best maximization problem and rearrange:

ci,jT t = 2yTt
λi,j∑

i∈{N,S}

∫ 1

0
λi,jdj

⇒ ci,jT2

ci,jT1

=
yT2

yT1

for all i, j.

Setting λi,j = λi for all i, j, we obtain the desired result. �

Proposition 1. The arguments in subsection 2.2 establish that the laissez-faire equilibrium

is Pareto efficient if and only if bS1 ∈
[
0, b

S

1

]
. Equation (26) and the market-clearing conditions

establish the consumption levels for bS1 > b
S

1 . The market and shadow interest rates are:

r2 =
yT2

(
1
2

+ φ(1+ν)
1+φν

)
1
2
bS1 + 1

2
yT1

and RS
2 =

yT2
1−φ
1+φν

(
1
2

+ φ(1+ν)
1+φν

)
−bS1

(
1
2

+ 1
2
φ(1+ν)
1+φν

)
+ yT1

(
1
2

+ 3
2
φ(1+ν)
1+φν

) .
We derive the required welfare results by substituting equations (25) and (26), along with

the market-clearing conditions, into the expression (1). �

Proposition 2. The arguments in subsection 2.3 establish the existence of Pareto improve-

ments starting from bS1 > b
S

1 . As the intervention continues, we know from the text that

dr2 > 0. In addition:

dcST2 = − 1− φ
1 + φν

dzN < 0 and dcST1 =
2ρxz

(
γN
)
− 1

r2

1− φ
1 + φν

dzN > 0⇒ dRS
2 < 0

dpS2 = − 1

yNT2

(1− φ) ν

1 + φν
dzN < 0 and dbS2 = −φ (1 + ν)

1 + φν
dzN < 0.

As r2 increases and RS
2 decreases, eventually we achieve RS

2 = r2. This condition combined

with the union’s resource constraint (12) establishes that RS
2 = r2 =

ciT2

ciT1
= yT2

yT1
for all i,

which means that the union is restored to the first-best frontier. Substituting this equality

into equations (19) and (21)-(22), we derive the expression for the frontier, equation (29).

We derive the formulae (30)-(31) for consumption at the ends of the Pareto frontier by

observing that US
(
xS, zN , 0

)
= US (0, 0, 0) for γN = 1 and that UN

(
xS, zN , 0

)
= UN (0, 0, 0)

for γN = 0. In other words, using equations (1), (23), and (26):

log

{(
cS,γ

N=1
T1

)2 yT2

yT1

}
= log

{(
1 + 3φ+ 4φν

1 + 2φ+ 3φν
yT1 −

1 + φ+ 2φν

1 + 2φ+ 3φν
bS1

)(
yT2

1− φ
1 + φν

)}

log

{(
cN,γ

N=0
T1

)2 yT2

yT1

}
= log

{(
1 + φ+ 2φν

1 + 2φ+ 3φν
yT1 +

1 + φ+ 2φν

1 + 2φ+ 3φν
bS1

)(
yT2

1 + φ+ 2φν

1 + φν

)}
.

Substituting equations (30)-(31) into the expression cST2 =
(
yT2 − zN

)
1−φ
1+φν

from the text,

we can characterize the set
[
zN,γ

N=0, zN,γ
N=1
]
:
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zN,γ
N=0 = yT2

1 + φν

1− φ

√(
1 + φ+ 2φν

1 + 2φ+ 3φν
+

1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1 + φ+ 2φν

1 + φν
− yT2

1 + φ+ 2φν

1− φ

zN,γ
N=1 = yT2 − yT2

1 + φν

1− φ

√(
1 + 3φ+ 4φν

1 + 2φ+ 3φν
− 1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1− φ
1 + φν

.

The properties zN,γ
N=0 < zN,γ

N=1 and dzN

dγN
> 0 follow by inspection. Using equation (29),

we can back out the corresponding bounds for the set
[
xS,γ

N=0, xS,γ
N=1
]
.

Suppose that φ < 1
2+ν

, so that panel I of figure 5 is the relevant configuration. The

upper end of frontier (29) may be bounded by zN ≤
(
zN
)max

. If so, then while zN cannot

be increased further, welfare can still be transferred from South to North by reducing xS

until US
(
xS, zN , 0

)
= US (0, 0, 0). The lower end of frontier (29) may be bounded by xS ≤(

xS
)max

. If so, then while xS cannot be increased further, welfare can still be transferred

from North to South by reducing zN until UN
(
xS, zN , 0

)
= UN (0, 0, 0).

Next, suppose that φ < 1
2+ν

, so that panel II is the relevant configuration. Then both the

bounds zN ≤
(
zN
)max

and xS ≤
(
xS
)max

only bound the upper end of the frontier (29), and

the frontier kinks at the point corresponding to the tighter of the bounds. At that point,

welfare can still be transferred from South to North by reducing xS until US
(
xS, zN , 0

)
=

US (0, 0, 0).

In all these cases, moving away from the blue frontier means moving inside the first-best

frontier. �

Proposition 3. The arguments in subsection 2.3 establish the existence of Pareto improve-

ments starting from bS1 > b
S

1 . As the intervention continues, we know from the text that

dr2 > 0. In addition:

dcST2 = − cST2φ (1 + ν)

1 + φ (ν + τS + ντS)
dτS < 0 and dcST1 =

2ρ
(
γN
)
− 1

r2

cST2φ (1 + ν)

1 + φ (ν + τS + ντS)
dτS > 0

⇒ dRS
2 < 0

dpS2 =
1

yNT2

cST2 (1 + ν)

1 + φ (ν + τS + ντS)
dτS > 0 and dbS2 =

cST2φ (1 + ν)

1 + φ (ν + τS + ντS)
dτS > 0.

As r2 increases and RS
2 decreases, again we achieve RS

2 = r2 =
ciT2

ciT1
= yT2

yT1
for all i. Substituting

this equality into equations (19) and (21)-(22), we derive the expression for the frontier,

equation (32). The same formulae (30)-(31) apply. Substituting them into the expression

cST2 = yT2
1−φ

1+φ(ν+τS+ντS)
from the text, we can characterize the set

[
τS,γ

N=0, τS,γ
N=1
]
:

1− φ
1 + φ

(
ν + (1 + ν) τS,γN=0

) = 2−

√(
1 + φ+ 2φν

1 + 2φ+ 3φν
+

1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1 + φ+ 2φν

1 + φν
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1− φ
1 + φ

(
ν + (1 + ν) τS,γN=1

) =

√(
1 + 3φ+ 4φν

1 + 2φ+ 3φν
− 1 + φ+ 2φν

1 + 2φ+ 3φν

bS1
yT1

)
1− φ
1 + φν

.

The properties τS,γ
N=0 < τS,γ

N=1 and dτS

dγN
> 0 follow by inspection. Using equation (32), we

can back out the corresponding bounds for the set
[
xS,γ

N=0, xS,γ
N=1
]
.

Panels III, IV, and V of figure 5 show the frontiers corresponding to different levels of

bS1 . The upper end of frontier (32) may be bounded by τS ≤
(
τS
)max

. If so, then while τS

cannot be increased further, welfare can still be transferred from South to North by reducing

xS until US
(
xS, zN , 0

)
= US (0, 0, 0). The lower end of frontier (29) may be bounded by

xS ≤
(
xS
)max

. If so, then while xS cannot be increased further, welfare can still be transferred

from North to South by reducing τS until UN
(
xS, zN , 0

)
= UN (0, 0, 0). Again, moving away

from the blue frontier means moving inside the first-best frontier. �

Lemma 2. The arguments in subsection 2.4 establish that a tax on the non-collateralizable

nontradable good, θS < 0, can generate a Pareto improvement starting from bS1 > b
S

1 .

However, when the policy tools
(
xS, τS

)
are unlimited, the final post-intervention allocation

is already at the first-best frontier, so the additional tax instrument is redundant. On the

other hand, if the policy tools
(
xS, τS

)
are limited, then the post-intervention allocation

may be in the shaded gray zone inside the blue frontier in figure 5, and Pareto gains are

not exhausted using
(
xS, τS

)
alone. Since RS

2 > r2, we can use the arguments in the text

to generate additional Pareto improvements using the tax θS < 0. The amended Pareto

frontier is:

xS = bS1 − 2yT1

φ
(
1 + ν + τS + ντS − θ

1−θ

(
γ + γτS

))
1 + φ

(
ν + τS + ντS − θ

1−θ (γ + γτS)
) . �

Lemma 3. This result follows directly from substituting dxS > 0 and dzN = dτS = 0 into

the equations in subsection 2.3. �

Lemma 4. The arguments in subsection 3.2 establish that for H > H, the Southern debt

level is given by the intersection of the black line and the appropriate gray line in panel I of

figure 6. Let us compare the expressions (25), (26), (30) and (31):

cS∗T1

(
b
S

1

)
= cS,CT1

(
b
S

1

)
= cS,γ

N=1
T1

(
b
S

1

)
= cS,γ

N=0
T1

(
b
S

1

)
dcS∗T1

dbS1
= −1

2
, while

dcS,CT1

dbS1
= − 1 + φ+ 2φν

1 + 2φ+ 3φν
< −1

2

dcS,γ
N=1

T1

dbS1

∣∣∣∣∣
bS1 =b

S
1

= −1

2

1 + φ+ 2φν

1 + 2φ+ 3φν
> −1

2
and

d2cS,γ
N=1

T1

d (bS1 )
2 < 0

cS,γ
N=1

T1 = cS,CT1 for bS1 = b
S

1 and bS1 =
(
bS1
)max

=
1 + 3φ+ 4φν

1 + φ+ 2φν
yT1
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dcS,γ
N=0

T1

dbS1

∣∣∣∣∣
bS1 =b

S
1

= −1

2

1 + φ+ 2φν

1 + 2φ+ 3φν
> −1

2
and

d2cS,γ
N=0

T1

d (bS1 )
2 > 0.

Combined, these expressions establish that bS,C1 < bS∗1 and bS,γ
N=0

1 > bS,γ
N=1

1 > bS,C1 . Next,

we turn to the maximization of (28) subject to (18)-(23), which implies:

max
cST1

(
log
(
cS,γ

N

T1

)2 yT2

yT1

− log

{(
1 + 3φ+ 4φν

1 + 2φ+ 3φν
yT1 −

1 + φ+ 2φν

1 + 2φ+ 3φν
bS1

)
yT2

1− φ
1 + φν

})1−γN

×
(

log
(

2yT1 − cS,γ
N

T1

)2 yT2

yT1

− log

{(
1 + φ+ 2φν

1 + 2φ+ 3φν
yT1 +

1 + φ+ 2φν

1 + 2φ+ 3φν
bS1

)
yT2

1 + φ+ 2φν

1 + φν

})γN
.

Substituting (44) into the first-order condition of the above problem:

Q =
(
1− γN

) 2

cST1

 log
(

2yT1 − cS,γ
N

T1

)2
yT2

yT1

− log
(

1+φ+2φν
1+2φ+3φν

yT1 + 1+φ+2φν
1+2φ+3φν

(
cS,γ

N

T1 − yT1 (1−H)
))

yT2
1+φ+2φν

1+φν


− γN 2

2yT1 − cST1

 log
(
cS,γ

N

T1

)2
yT2

yT1

− log
(

1+3φ+4φν
1+2φ+3φν

yT1 − 1+φ+2φν
1+2φ+3φν

(
cS,γ

N

T1 − yT1 (1−H)
))

yT2
1−φ
1+φν

 = 0.

Then for a fixed degree of heterogeneity H, we derive:

dcS,γ
N

T1

dγN
= −∂Q/∂γ

N

∂Q/∂cST1

< 0 since
∂Q

∂γN
< 0 and

∂Q

∂cST1

< 0.

Combining with equation (44), we establish that
dbS,γ

N

1

dγN
< 0. �

Lemma 5. Take first-order conditions of the first-best maximization problem, rearrange,

and set λi,j = λi for all i, j, as in the proof of lemma 1. �

Proposition 4. The arguments in subsection 3.2 establish that the laissez-faire equilibrium

is Pareto efficient if and only if H ∈
[
0, H

]
. When H ∈

(
H, 1

]
, it must be that bS,C1 > b

S

1 ,

so cS,CT2 = cST2 and RS
2 > yT2

yT1
> r2; while

ciT1

ciT0
= 2yT1

eT
holds because there is no borrowing

constraint between periods 0 and 1. The unconstrained and constrained consumption levels

from the intersections of the lines in panel I of figure 5 are:

cS∗T1 = yT1

(
1− 1

3
H

)
and cS∗T2 =

yT2

yT1

cS∗T1, cS∗T0 =
eT

2yT1

cS∗T1

cS,CT1 = yT1

(
2 + 4φ+ 6φν

2 + 3φ+ 5φν
− 1 + φ+ 2φν

2 + 3φ+ 5φν
H

)
and cS,CT1 = cST2, , cS,CT0 =

eT

2yT1

cS,CT1 .

We derive the required welfare results by substituting these equations into the expression

(33). �
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Lemma 6. This result follows from substituting the applying the analysis of section 2 to the

model in section 3, applying not just (18)-(23) but also ciT0 = eT

2yT1
ciT1 for all i, the relation

(44), and the utility expression (33). �

Proposition 5. In addition to the unconstrained and constrained consumption levels above,

we can also write the post-intervention consumption levels for γN = 1 and γN = 0, again

using the intersections of the lines in panel I of figure 5:

cS,γ
N=1

T1 =
1

2
yT1

√(
1 + φ+ 2φν

1 + 2φ+ 3φν

1− φ
1 + φν

)2

+ 4

(
2− 1 + φ+ 2φν

1 + 2φ+ 3φν
H

)
1− φ
1 + φν

− 1

2

1 + φ+ 2φν

1 + 2φ+ 3φν

1− φ
1 + φν

yT1

cS,γ
N=0

T1 =
1

2

(
4 +

1 + φ+ 2φν

1 + 2φ+ 3φν

1 + φ+ 2φν

1 + φν

)
yT1

− 1

2
yT1

√
4

1 + φ+ 2φν

1 + 2φ+ 3φν

1 + φ+ 2φν

1 + φν
(2 +H) +

(
1 + φ+ 2φν

1 + 2φ+ 3φν

1 + φ+ 2φν

1 + φν

)2

.

Substituting the above equations into the expression (33), we derive the welfare expressions

as a function of H:

V S∗ = log

{
κyT1

(
1− 1

3
H

)3
}

V S,C = log

{
κyT1

(
2 + 4φ+ 6φν

2 + 3φ+ 5φν
− 1 + φ+ 2φν

2 + 3φ+ 5φν
H

)2
1− φ
1 + φν

}

V S,γN=1 = log

κyT1

 1
2

√(
1+φ+2φν
1+2φ+3φν

1−φ
1+φν

)2

+ 4
(

2− 1+φ+2φν
1+2φ+3φν

H
)

1−φ
1+φν

−1
2

1+φ+2φν
1+2φ+3φν

1−φ
1+φν

3


V S,γN=0 = log

κyT1

 1
2

(
4 + 1+φ+2φν

1+2φ+3φν
1+φ+2φν

1+φν

)
−1

2

√
4 1+φ+2φν

1+2φ+3φν
1+φ+2φν

1+φν
(2 +H) +

(
1+φ+2φν
1+2φ+3φν

1+φ+2φν
1+φν

)2


3

V N∗ = log

{
κyT1

(
1 +

1

3
H

)3
}

V N,C = log

{
κyT1

(
2 + 2φ+ 4φν

2 + 3φ+ 5φν
+

1 + φ+ 2φν

2 + 3φ+ 5φν
H

)2
1 + φ+ 2φν

1 + φν

}

V N,γN=1 = log

κyT1

 1
2

(
4 + 1+φ+2φν

1+2φ+3φν
1−φ
1+φν

)
−1

2

√(
1+φ+2φν
1+2φ+3φν

1−φ
1+φν

)2

+ 4
(

2− 1+φ+2φν
1+2φ+3φν

H
)

1−φ
1+φν


3
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V N,γN=0 = log

κyT1

 1
2

√
4 1+φ+2φν

1+2φ+3φν
1+φ+2φν

1+φν
(2 +H) +

(
1+φ+2φν
1+2φ+3φν

1+φ+2φν
1+φν

)2

−1
2

1+φ+2φν
1+2φ+3φν

1+φ+2φν
1+φν

3
 ,

where κ = eT

2
yT2Πt={0,1,2}yNTt. We compare the levels and slopes of these expressions at

H = H and at H = Hmax = 21+2φ+3φν
1+φ+2φν

. We also assess how many times V i,C and V i,γN

must intersect with each other within H ∈
[
H,Hmax

]
, using the following auxiliary variables

where appropriate to convert the welfare formulae into expressions with integer exponents:

ε1 =

√(
1 + φ+ 2φν

1 + 2φ+ 3φν

1− φ
1 + φν

)2

+ 4

(
2− 1 + φ+ 2φν

1 + 2φ+ 3φν
H

)
1− φ
1 + φν

and ε2 =

√
4

1 + φ+ 2φν

1 + 2φ+ 3φν

1 + φ+ 2φν

1 + φν
(2 +H) +

(
1 + φ+ 2φν

1 + 2φ+ 3φν

1 + φ+ 2φν

1 + φν

)2

Notice that the use of auxiliary variables may generate additional non-feasible roots which

must in turn be ruled out. This process produces the correct number of intersections within

H ∈
[
H,Hmax

]
and the correct sign of

{
V i,C S V i,γN

}
i∈{N,S}

around the intersections.

We then prove that H1 < H2 by observing that since interventions move the union to

the first-best frontier, it must be that at least one region must be better off as a result of

the intervention, no matter the value of H. For φ small enough, H2 must be smaller than 1,

which means that both H1 must also be smaller than 1.

Finally, the finding from lemma 4 that
dcS,γ

N

T1

dγN
< 0 and

dbS,γ
N

1

dγN
< 0 establishes that the set

of bargaining powers consistent with a period-0 Pareto improvement is always compact. �

Lemma 7. Take first-order conditions of the first-best maximization problem and rearrange:

ci,jT1 =
(
−
(
BN

1 +BS
1

)
+ 2φROW

r
Π2

)
λi,j∑

i∈{N,S}

∫ 1
0 λ

i,jdj

ci,jT2 = 2(1−φROW )Π2

1+αNT ν
λi,j∑

i∈{N,S}

∫ 1
0 λ

i,jdj

⇒ ci,jT2

ci,jT1

= r∗2 for all i, j

ki,jT1 = A2

(αT
r

) 1
1−αT and ki,jNT1 =

αNTνc
i,j
T2

r
for all i, j,

and our assumption that r∗2 > r establishes that condition (67) holds with equality. Setting

λi,j = λi for all i, j, we obtain the desired result. �

Proposition 6. The arguments in subsection 4.2 establish that the laissez-faire equilibrium

is Pareto efficient if and only if BS
1 ∈

[
0, B

S

1

]
. Equation (77) establishes the Southern

tradable consumption levels for BS
1 > B

S

1 , while the Northern tradable consumption levels

are given by:
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cN,CT1 =
1

2 + αNTν

(
−BN

1 +

(
φROW
r

+
1− φROW

r2

)
Π2

)
and cN,CT2 = r2c

N,C
T1 .

From these formulae, the market and shadow interest rates can be derived. We derive the

required welfare results by substituting the first-best and constrained formulae for tradable

and nontradable consumption (the latter given by the output consistent with investment

level kiNT1 =
αNT νc

i
T2

r
for each i) into the expression (47). �

Proposition 7. We proceed in four steps. In the first step, we use the Pareto gains formula

(78) to find the Pareto-optimal choice for each intervention given a fixed value of other

intervention, along the two boundaries of the Pareto set, {dU i = 0}i∈{N,S}. Notice that the

two conditions dU i|dU−i=0 = 0 for i ∈ {N,S} are multiples of each other, so they boil down

to just one Pareto gains condition. Rearranging, the conditions for positive Pareto gains for

the governmental loan and tax-subsidy interventions are, respectively:

RS
2

r2

>

(1+αNT ν)(1−φROW−φ)
1+(αNT+φ(1−αNT ))(ν+τS+ντS)

(
1 + ξSαT

1−ξS−αT

)
(1+αNT (ν+τS+ντS))(1−φROW−φ)
1+(αNT+φ(1−αNT ))(ν+τS+ντS)

(
1 + ξSαT

1−ξS−αT

)
−
(
φROW

r2
r

+ (1− φROW )
)

ξSαT
1−ξS−αT

RS
2

r2

>
φ (1− αNT )

(
ν + τS + ντS

)
+ αNT (1 + ν) τS

φ (1− αNT ) (ν + τS + ντS)
.

Taking derivatives of the consumption levels and the interest rate from the system of equa-

tions, we can establish that if we start from a constrained laissez-faire allocation, interven-

tions along the two boundaries of the Pareto set generate:

dcST2 < 0, dcST1 > 0, and if r2 > r, then dr2 > 0.

In fact, such interventions strictly decrease
RS2
r2

and strictly increase the right hand sides

of the above inequalities until the two sides become equalized. As a result, given a fixed

value of one intervention, there is a unique Pareto-optimal choice for the other intervention

along each of the two boundaries {dU i = 0}i∈{N,S}. This reasoning produces the second-best

reaction functions ξS,SB
(
τS
)

and τS,SB
(
ξS
)

for each BS
1 > B

S

1 .

In the second step, continuing to stick to the two Pareto boundaries, {dU i = 0}i∈{N,S}, we

prove the existence of intervention combinations achieving the second-best frontier. Specifi-

cally, we plot the reaction functions in
(
ξS, τS

)
space and showing that they intersect. The

crucial elements to prove are: (i) ξS,SB
(
τS
)
> 0 for all τS ∈

[
0, τS,SB

(
ξS = 0

)]
, where

τS,SB
(
ξS = 0

)
> 0; (ii) ξS,SB

(
τS
)

is defined for all τS, which means as a corollary that it is

defined for τS > max
ξS

τS,SB
(
ξS
)
; (iii) τS,SB

(
ξS
)
> 0 for all ξS ∈

[
0, ξS,SB

(
τS = 0

)]
, where

ξS,SB
(
τS = 0

)
> 0; and (iv) τS,SB

(
ξS
)

is defined for some ξS > max
τS

ξS,SB
(
τS
)
. The last

condition comes from the observations that, firstly, τS,SB
(
ξS
)

is defined at least up to the
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point where marginal changes in ξS have no effect on cST1, and secondly, that max
τS

ξS,SB
(
τS
)

lies to the left of this point.

In the third step, we extend the above two steps to interventions in the interior of the

boundaries of the Pareto set, {dU i = 0}i∈{N,S}. Consider intervention paths which satisfy

the following formula for the period-1 transfer dΦN
T1 as a function of the changes in the

production tax and the tax-subsidy combination:

dΦN
T1

(
dξS, dτS; ξS, τS

)
= θ

(
ξS, τS

)
dΦN

T1

(
dξS, dτS; ξS, τS

)∣∣
dUN=0

+
(
1− θ

(
ξS, τS

))
dΦN

T1

(
dξS, dτS; ξS, τS

)∣∣
dUS=0

,

where θ
(
ξS, τS

)
is a continuously differentiable function, and we have suppressed the de-

pendence of the intervention on the non-policy variables of the problem. Notice that we can

go from one boundary of the Pareto set to the other by altering the value of the transfer.

We can prove that the set of transfers dΦN
T1 corresponding to Pareto improvements from a

specific allocation is compact, and that its boundaries move in a continuous fashion as the

allocation gradually changes. Then the first two steps of this proof apply equally to all such

intervention paths.

Finally, in the fourth step, we note that since the above steps apply whether r2 > r or

r2 = r, they continue to apply in the cases when the economy starts in the r2 = r region

and interventions move the economy into the r2 > r region. �
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Figures

Figure 1. Laissez-faire equilibrium
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Figure 2. Laissez-faire welfare
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Figure 3. Impact of intervention

Governmental loan Tax-subsidy with debt relief
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Figure 4. How intervention begins
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Figure 5. How intervention ends
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Figure 6. Endogenizing the debt level bS1
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Figure 8. Laissez-faire equilibrium with ROW and production
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Figure 9. Impact of intervention with ROW and production for BS
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Figure 10. Simulation: impact of constraint on pre-crisis welfare
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Figure 11. Simulation: institutional design
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Parameters: φ = 0.05, φROW = 0.01, αT = 0.5, αNT = 0.2, ν = 1, r = 1, eT = 0.5, A1 = 2, A2 = 4.
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